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PROJECTIVE TWISTS AND THE HOPF CORRESPONDENCE
BRUNELLA CHARLOTTE TORRICELLI
Abstract. We define the Hopf correspondence, a Lagrangian correspondence (in the sense
of [WW09]) aimed at assigning Lagrangian spheres L1, . . . , Lm of a Liouville manifold pY,Ωq
to given Lagrangian (real, complex, quaternionic) projective spaces K1, . . . ,Km of a Liouville
manifold pX,ωq. When this correspondence can be established (according to a cohomology
condition on a class α P H˚pXq), it intertwines the (real, complex, quaternionic) projective
twists τKi P pi0pSympctpXqq (and the induced autoequivalences of the compact Fukaya category
FukpXq) with the Dehn twists τLi P pi0pSympctpY qq (and the corresponding autoequivalences
of FukpY q), for i “ 1, . . .m. Using the Hopf correspondence, we obtain a free generation result
for projective twists in a clean plumbing of projective spaces and various results about products
of positive powers of Dehn/projective twists in Liouville manifolds. The same techniques are
also used to show the existence of exotic projective twists in SympctpT˚CPnq (in infinitely many
dimensions n), namely projective twists arising from a different choice of smooth parametrisa-
tion of a Lagrangian projective space. Another application of the Hopf correspondence delivers
smooth homotopy complex projective spaces K » CPn, that do not admit Lagrangian embed-
dings into pT˚CPn, dλCPnq, n “ 4, 7.
1. Introduction
1.1. Questions. Given a symplectic manifold with contact boundary pM,ωq, a natural object
of study is the group SympctpMq of compactly supported symplectomorphisms that are the
identity in a neighbourhood of the boundary. Its quotient pi0pSympctpMqq by the relation of
symplectic isotopy is the symplectic mapping class group, and is already a highly non-trivial
object. When M is simply connected, a symplectic isotopy is automatically Hamiltonian, and
pi0pSympctpMqq coincides with the quotient SympctpMq{HamctpMq.
The symplectic mapping class group carries a natural comparison map
c : pi0pSympctpMqq ÝÑ pi0pDiff c`tpMqq(1)
to the (compactly supported and orientation-preserving) smooth mapping class group of M , and
the kernel of this map is of particular interest as it captures phenomena which are “genuinely
symplectic”. Helpful guides for this type of exploration are certain elements of the symplectic
mapping class group, constructed as geometric twists in Lagrangian spheres (Dehn twists)
and projective spaces (projective twists). In some symplectic manifolds, Dehn twists along
Lagrangian spheres are non-trivial elements of the kernel of c (for example [Sei98], [Sei99],
[Sei00], [Sei03]). Moreover, the (complex) projective analogues (introduced in [Sei00]) are always
contained in kerpcq, thereby provide examples of symplectomorphisms which are not detectable
by the smooth structure.
The results of the present research are driven by the following questions, which in the existing
literature have been considered for Dehn twists exclusively.
Questions 1. Let pM,ωq be a Liouville manifold, an exact symplectic manifold with certain
convexity properties (Section 2.1).
(a) Can a reduced word of Dehn/projective twists be symplectically isotopic to the identity
(i.e are there twists satisfying any non-trivial relations) in SympctpMq?
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(b) Can a positive word (i.e a product of positive powers) of Dehn/projective twists be
symplectically isotopic to the identity in SympctpMq?
The recent advances in the study of Fukaya categories and the mirror symmetry conjecture
have made these questions relevant also on a categorical level. A Dehn twist along a Lagrangian
sphere induces an auto-equivalence of the Fukaya category that fits in an exact triangle ([Sei03]).
Projective twists also induce auto-equivalences of the Fukaya category in the shape of cone
functors (as proved in [MW18a]). It is therefore natural to ask to which extent do these functors
(on suitable versions of the Fukaya category) behave like their geometrical counterparts, and
look at the categorical version of the Questions 1.
1.2. Methods: the Hopf correspondence. Let pX,ωq be a Liouville manifold containing
Lagrangian projective spaces. The contents of this paper revolve around the idea of track-
ing the behaviour of projective twists in pi0pSympctpXqq using the existing knowledge of Dehn
twists along Lagrangian spheres in an auxiliary Liouville manifold, via the theoretical device
of Lagrangian correspondences ([WW09]). This strategy is subject to the existence of a co-
homology class restricting to each projective Lagrangian as a generator of its cohomology (see
Assumptions B, A, C), as we explain below.
Fix a tuple pA, k, ˚, Rq P tpR, 0, 1,Z{2Zq, pC, 1, 2,Zq, pH, 3, 4,Zqu. Assume there are Lagrangian
projective spaces APn – K1, . . .Km Ă X and a non-trivial class α P H˚pX;Rq such that α|Ki
generates H˚pAPn;Rq. Then there is a Liouville manifold pY,Ωq, realised as a T ˚Sk-bundle
q : Y Ñ X, so that over each Lagrangian projective space Ki, the bundle restricts a Lagrangian
sphere Li. The total space pY,Ωq contains an Sk-fibred coisotropic submanifold V Ñ X,
which defines a Lagrangian correspondence Γ :“ tpqpyq, yq, y P V u Ă X´ ˆ Y in the sense
of [Per08]. Over each projective Lagrangian Ki Ă X, the correspondence yields a Lagrangian
sphere Li Ă Y , for i “ 1, . . . ,m. We name Γ a Hopf correspondence.
We prove in Section 3 that the Hopf correspondence relates a product of projective twists in X
to a product of Dehn twists in Y , and these symplectomorphisms fit in a commuting diagram.
On the level of (compact) Fukaya categories, the Hopf correspondence induces a functor (Section
4.3) that intertwines functors induced by Dehn twists with functors induced by projective twists
(Section 4.4).
Whenever possible, we try to obtain the geometric statements about the symplectic mapping
class group independently of the Fukaya-theoretic statement about autoequivalences of the
Fukaya category.
1.3. Results.
1.3.1. Free groups of projective twists in clean plumbings. In the first part of the paper, we look
at Question 1 paq, and prove new criteria for projective twists to generate a free subgroup of
the kernel of c. We consider a clean plumbing (see Section 5.1) of Lagrangian projective spaces;
a symplectic construction in which two copies of cotangent bundles T ˚APn are glued along a
common submanifold of the zero sections, and prove the following.
Theorem 1 (Theorem 5.2). Let X “ T ˚APn#AP`T ˚APn be a clean plumbing of (real, complex,
quaternionic) projective spaces along a linearly embedded sub-projective space AP` Ă X, A P
tR,C,Hu. Let K,K 1 Ă X denote the Lagrangian core components of the plumbing. Then the
projective twists τK and τK1 generate a free group inside pi0pSympctpXqq, and the associated
functors TK , TK1 generate a free subgroup of AuteqpFukpXqq.
This theorem is proved using the Hopf correspondence to relate the functors TK , TK1 P
AuteqpFukpXqq to functors induced by Dehn twists TL, TL1 P AuteqpFukpY qq in the Liou-
ville manifold pY,Ωq constructed as a T ˚Sk-bundle over X, k P t0, 1, 3u. We can then apply a
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result by Keating ([Kea13]) to our setting to obtain a free generation result for TL, TL1 , which
in turn yields a free generation result for TK , TK1 via the Hopf correspondence.
Remark 1.1. The case X :“ T ˚CP11#ptT ˚CP12 can be obtained with the current literature
([Sei99], [ST01]), by considering X as an A2-configuration and using the isotopies τCP1i
» τ2
S2i
(Remark 2.9).
As a Corollary, we show that there are infinitely many Lagrangian isotopy classes of embeddings
CPn ãÑ T ˚CPn#T ˚CPn which are smoothly isotopic (hence all contained in the same C8)-
isotopy class, but pairwise not Lagrangian isotopic). These kind of phenomena are called
knotted Lagrangians.
Theorem 2 (Corollary 5.10). Let X :“ T ˚CPn#CP`T ˚CPn be a clean plumbing along a pro-
jective sub-space CP` Ă CPn. Then X contains infinitely many knotted Lagrangian projective
spaces.
1.3.2. Positive products of Dehn/projective twists in Liouville manifolds. The second part of
the paper is centred on Question 1 pbq; we give two answers for positive products of Dehn
twists and two for projective twists.
The first result about Dehn twists is a theorem originally proved by Barthes-Geiges-Zehmisch
in [BGZ19]) by techniques involving open book decompositions. Seidel mentioned this theorem
in a talk (2015), suggesting a proof based on Lefschetz fibrations, which we implement here.
Theorem 3 ([BGZ19] Theorem 1.4, Theorem 6.1). Let pM,ωq be a Liouville manifold, and let
L1, . . . , Lm ĂM be Lagrangian spheres. Let φ P SympctpMq be a positive word in the subset of
Dehn twists tτLiuiPt1,...mu. Then φ cannot be isotopic to the identity in SympctpMq.
Remark 1.2. The two dimensional case of a product of Dehn twists in a Riemann surface is
a consequence of [Smi01, Theorem 1.3].
Additionally, we provide a stronger result (whenever applicable, it implies Theorem 3), in a
“relative” setting.
Theorem 4 (Theorems 6.9, 6.15). Let pM,ωq be a Liouville manifold containing embedded
Lagrangian spheres L1, . . . , Lm and a cylindrical Lagrangian (i.e exact and preserved by the
Liouville flow) T intersecting one of the spheres Lj exactly once. Let φ P SympctpMq be a
positive word in the subset of Dehn twists in tτLiuiPt1,...mu. Let Λ :“ B8T be the Legendrian
boundary at infinity, F Ă BM the Liouville thickening of Λ, and WpM,F q the partially wrapped
Fukaya category of M relative to F . Then
(a) The Lagrangians T and φpT q are not (Lagrangian) isotopic.
(b) The Lagrangians T and φpT q are not quasi isomorphic as objects of WpM,F q.
Remark 1.3. The second part of the statement relies on the existence of a partially wrapped
Fukaya category for the total space of a Lefschetz fibration. Such a category should be an example
of Landau-Ginzburg category, a class of A8-categories currently under ‘construction’ ([AG]).
Due to a lack of foundations in the literature, the proof of pbq is a sketch, based on an overview
of the theory given in [AS19].
In Section 7, we consider positive products of projective twists, and we use the Hopf correspon-
dence constructions to define an associated positive product of Dehn twists. We can then apply
Theorems 3 and 4 obtain the following.
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Theorem 5 (Theorem 7.1). Let pX4n, ωq be a Liouville manifold admitting Lagrangian complex
projective spaces K1, . . .Km – CPn. Suppose that there is a class α P H2pX;Zq restricting to a
cohomology generator for each Lagrangian CPn:
@i : α|Ki “ x P H2pCPn;Zq.(2)
Let ϕ P SympctpXq be a positive word in the subset of projective twists tτKiuiPt1,...,mu. Then ϕ
cannot be isotopic to the identity in SympctpMq.
Theorem 6 (Theorem 7.5). Let pX4n, ωq be a Liouville manifold containing Lagrangian projec-
tive embeddings K1, . . .Km – CPn, and a cohomology class α P H2pX;Zq satisfying condition
(2). Assume there is a cylindrical Lagrangian T intersecting one of the Lagrangians Kj exactly
once. Let ϕ P SympctpXq be a positive word in the subset of projective twists tτKiuiPt1,...,mu.
Let Λ :“ B8T , and WpX,F q the partially wrapped Fukaya category, where F is the stop defined
by Λ. Then the auto-equivalence associated to ϕ does not act trivially on T P ObpWpX,F qq up
to quasi-isomorphism in WpX,F q. In particular, ϕpT q cannot be Hamiltonian isotopic to T ,
relative to its boundary.
Remark 1.4. (1) We also prove an RPn-version of Theorem 5 (see Theorem 7.4).
(2) The entirety of Theorem 6 is subject to Remark 1.3.
1.3.3. Exotic projective twists and Lagrangian embeddings of projective spaces. As a last self-
contained section, we present new results that show that projective twists do depend on a
framing, i.e a choice of smooth parametrisation f : CPn Ñ L (see Section 2). It was proved
by Evans-Dimitroglu-Rizzell ([DRE15]) that a non-standard parametrisation Sn Ñ L of a La-
grangian sphere can give rise to a so called exotic Dehn twist. The epithet exotic emphasises
that different choices of parametrisation L Ñ Sn can potentially generate different Hamilton-
ian classes of Dehn twists. We use classical homotopy theory and the Hopf corrsepondence
to transpose the existence of exotic Dehn twists of [DRE15] into instances of projective twists
depending on their framing.
Theorem 7 (Corollary 8.18). The CPn-twist depends on the framing when n “ 18, 22, 24, 33.
This shows that in general SympctpT ˚CPnq is not generated by the standard projective twist
along the zero section τCPn (see Corollary 8.21). Moreover, we notice that the use of advanced
technology (topological modular forms) can deliver infinitely many exotic (complex) projective
twists (Remark 8.19).
Using the existing literature about S1-actions on exotic spheres ([Bre67], [Jam80], [Kas16]),
we also obtain two non-embedding theorems for Lagrangians submanifolds of T ˚CPn that are
compatible with the predictions derived from the nearby Lagrangian conjecture.
Theorem 8 (Theorems 8.9, 8.11). (i) There is a manifold P homotopy equivalent to CP4
and with the same first Pontryagin class such that neither P nor P#Σ8 admit an exact
Lagrangian embedding into T ˚CP4.
(ii) There is an element Σ14 in the group of homotopy 1-spheres Θ14 such that CP7#Σ14
does not admit an exact Lagrangian embedding into T ˚CP7.
1.4. Organisation of the paper. The rest of the paper is organised as follows.
Sections 3 and 4 are the two theoretical cores that support the arguments throughout the whole
paper. After recalling the principal properties of twists in Section 2, in Section 3 we prove
commutative diagrams involving Dehn twists, Hopf map and projective twists in the geometric
setting. In Section 4 we define the Hopf correspondence and its applications for diagrams of
functors of the Fukaya category induced by Dehn/projective twists.
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The central body of the paper is is divided in three parts in which we apply the methods
developed. A free group generation criterion for projective twists in plumbings (Section 5,
positive products of twists in general Liouville manifolds (Sections 6, 7) and exotic projective
twists (Section 7).
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2. Dehn and projective twists
This section provides the contextualisation necessary for studying Dehn twists and projective
twists in symplectic topology; it can be skipped by the expert reader. We summarise the
geometric constructions (Section 2.2) and the relevance of this class of symplectomorphisms on
a categorical level (Sections 2.3 and 2.4)
2.1. Liouville manifolds. We begin by setting the notation for Liouville manifolds, the class
of symplectic manifolds considered in this paper. We recall the convexity properties that play
an important role in the discussion of moduli spaces of pseudo-holomorphic curves (in particular
in Sections 4 and 6).
Definition 2.1. A Liouville manifold of finite type is an exact symplectic manifold pM,ω “
dλM q, λM P Ω1pMq such that there exists a proper function hM : M Ñ r0,8q and c0 ą 0 with
the following property. For all x P pc0,8q, the vector field ZM (the Liouville vector field) dual to
λM (the Liouville form) satisfies dhM pZM qpxq ą 0. pM,dλM q is called complete if the Liouville
vector field is complete.
A closed sublevel set W :“ h´1M pr0, csq of a Liouville manifold pM,dλM q is a compact symplectic
manifold with contact type boundary pΣ :“ h´1M p0q, λM |Σq, and it is called a Liouville domain.
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A Liouville domain pW,dλq admits a symplectic completion to a Liouville manifold pM,ωq :“
pW YCpΣq r0,8q ˆ BW,dprαqq, where CpΣq is a collar neighbourhood of the contact boundary
pΣ “ BW,α “ λ|Σq.
Definition 2.2. A Liouville domain pW,dλq admits an almost complex structure J of contact
type near the boundary, i.e satisfying dh ˝ J “ ´λ (the function h as above). It extends to an
almost complex structure JM on the completion satisfying
‚ JM p BBr q “ Z
‚ JM is invariant under translations in the r-direction
‚ JM |W “ J .
The extension of an almost complex structure of contact type near the boundary to an almost
complex structure on the cone at infinity as above will be called cylindrical at infinity.
We will only consider Liouville manifolds that are complete and of finite type, which we can
identify as the union of a Liouville domain W with a non-compact end, equipped with an almost
complex structure cylindrical at infinity. Let pW,ω “ dλq be a Liouville domain and pM,ωq its
completion.
Proposition 2.3. [Sei08a, Lemma 7.4] Let S be a compact connected Riemann surface with
boundary, and u : S Ñ M a JM -holomorphic map such that upBSq Ă M . Then upSq Ă M as
well.
Let pN,ωN q Ă pM,ωM q be a Liouville manifold and ι : N ãÑ intpMq embedding such that ωN “
ι˚ωM , λN “ ι˚λM . Let J be an ωM -compatible almost complex structure, whose restriction to
N is of contact type near the boundary. There is a stronger version of the maximum principle,
called the integrated maximum principle, as follows.
Lemma 2.4. [Sei08a, Lemma 7.5] Let S be a compact Riemann surface with boundary and
u : S ÑM a JM -holomorphic map such that upBSq Ă intpNq. Then upSq Ă intpNq as well.
The integrated maximum principle can be combined with a monotonicity lemma (see [AL12,
Chapter V, Proposition 4.3.1]), to obtain lower bounds of the area of curves stretching to larger
and larger domains.
Lemma 2.5. [SS05, Lemma 13] Let pM,ω “ dλq be a Liouville manifold and c0 and hM : M Ñ
r0,8q as in Definition 2.1. For every E ą 0 there is CpEq ą 0 with the following property.
Let S be a compact connected Riemann surface with boundary, the latter decomposed into two
nonempty unions of circles B´S Y B`S. Let u : S ÑM be a JM´holomorphic curve satisfying
upB´Sq Ă h´1M pp´8, c0sq and upB`Sq Ă h´1M prCpEq,8qq. Then
ş
S u
˚ωM ą E.
We will use the above lemma in Section 4.3 to prove that in the setting of this paper,
pseudo-holomorphic curves are constrained to remain in a compact region bounded by a
“maximal Liouville subdomain” of the ambient Liouville manifold. The weaker versions of the
maximum principle are sufficient to prove that the compact Fukaya category of a Liouville
manifold is well defined.
Let pM,dλM q be a Liouville manifold, and let k be a field of characteristic 2. Given
two two closed exact Lagrangian submanifolds L0, L1 Ă M the Floer complex is freely
generated as a vector space by the intersection points of the (perturbed) Lagrangians
CFpL0, L1; kq :“ ÀxPL0XL1 kxxy. The boundary operator B : CFpL0, L1; kq Ñ CFpL0, L1; kq
counts JM -holomorphic curves with boundary conditions on pL0, L1q and asymptotic conditions
on intersection points. For a compatible cylindrical almost complex structure JM , the moduli
spaces of such curves are compact oriented manifolds ([Sei08a, Sections 8,9]) and the operator
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B squares to zero ([Sei08a, (9e)]), so that pCFpL0, L1; kq, Bq is a well-defined co-chain complex
whose cohomology is the Floer cohomology ring HFpL0, L1; kq. Floer cohomology is designed
to be invariant under Hamiltonian isotopies; if φ is the flow of a Hamiltonian vector field, then
HFpL0, φpL1qq – HFpL0, L1q.
Then, there is an A8- category, called the compact Fukaya category, and denoted by FukpMq,
whose objects are closed exact Lagrangians and morphisms the Floer cochain groups between
Lagrangians. This category encodes intersection data associated to all its objects, including
the Floer differential B “ µ1, the Floer cup product µ2 and higher order products µk ([Sei08a,
Section (9j)]).
We restrict to ungraded Floer complexes and Fukaya categories, with the exception of Sections
6.6 and 7.2, in which we equip Floer complexes with relative gradings.
Two Lagrangians that are Hamiltonian isotopic are quasi-isomorphic objects in the Fukaya
category, i.e isomorphic objects of the associated cohomological category, that we denote by
HpFukpMqq. We denote the automorphisms of HpFukpMqq (i.e the automorphisms of the
Fukaya category up to quasi-isomorphism) by AuteqpFukpMqq The functors in AuteqpFukpMqq
induced by geometric twists (see Section 2.3) will implicitly be identified (via [Sei08a, Corollary
17.17]) with functors of TwpFukpMqq, a triangulated category obtained as an implementation
of FukpMq (see [Sei08a, Section (3l)]).
2.2. Twists. Given a closed Riemannian manifold pL, gq with H1pL;Rq “ 0 and admitting a
periodic (co-)geodesic flow ΦtL : T
˚L Ñ T ˚L, Seidel ([Sei00]) constructs a symplectomorphism
in SympctpT ˚Lq. We review the construction (in the notation of [MW18a]) of this class
of symplectomorphisms, which we call twists. More specifically, for L – S2n`1 this is the
well-known symplectic Dehn twist, and in the cases L P tRPn,CPn,HPnu the construction
yields what we call a projective twist.
If L – Sn, for ε ą 0, define an auxiliary function rε P C8pr0, 1s,Rq such that 0 ă rεptq ă pi for
all t ă ε and
rεptq “
"
1
2 ´ t t ! ε
0 t ě ε(3)
If L is a (real, complex or quaternionic) projective space, and ε ą 0, let rε P C8pr0, 1s,Rq such
that 0 ă rεptq ă 2pi for all t ă ε and
rεptq “
"
1´ t t ! ε
0 t ě ε(4)
Let } ¨ }L be the norm associated to the given Riemannian metric g. Consider the unit disc
bundle D1T
˚L, where DsT ˚L :“ tv P T ˚L; }v}L ď su, with associated standard symplectic form
ω P Ω2pD1T ˚Lq and contact form λ P Ω1pST ˚Lq, where ST ˚L is the unit cotangent bundle.
The normalised cogeodesic flow ΦtL, which coincides with the Reeb flow for λ, satisfies Φ
1
L “ Id
and can be extended to a Hamiltonian S1´action σt on D1T ˚LzL, with moment map µ :
D1T
˚LÑ R, µpvq “ }v}L.
Definition 2.6. Define the model twist map τ locL : D1T
˚LÑ D1T ˚L as follows.
For L isomorphic to a sphere, set
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τ locL pξq “
"
σrp}ξ}Lqpξq ξ R L´ξ ξ P L.(5)
For L isomorphic to a projective space, let
τ locL pξq “
"
σrp}ξ}Lqpξq ξ R L
ξ ξ P L.(6)
Theorem 2.7. [Sei00, Corollary 4.5] Let pL, gq be a Riemannian manifold admitting a periodic
(co-)geodesic flow and satisfying H1pL;Rq “ 0. Then the symplectomorphisms τ locL have infinite
order in pi0pSympctpT ˚Lqq.
Theorem 2.8. [Sei00, Proposition 4.6] For L – CPn, the symplectomorphism τ locL of Definition
(2.6) is isotopic to the identity in DiffctpT ˚CPnq.
Remark 2.9. With the conventions (3) and (4), the isomorphisms S1 – RP1, S2 – CP1 and
S4 – HP1 induce identifications τ2S1 » τRP1, τ2S2 » τCP1 and τ2S4 » τHP1 respectively (see [Sei00],
[Har11]).
Now suppose L Ă M is a Lagrangian embedding of a Riemannian manifold L as above into
a symplectic manifold pM,ωq. By the Weinstein neighbourhood theorem, a neighbourhood of
L Ă M can be identified with a neighbourhood of L Ă T ˚L, a disc bundle DďsT ˚L. If s ą ε
(and ε is as in (3)), this identification can be used to implant the model twist map into M , by
symplectically extending the embedding ι : L ãÑM to DďsT ˚L ÝÑM .
Definition 2.10. Let K P tSn,RPn,CPn,HPnu, or in general a Riemannian manifold as above.
A framed exact Lagrangian is an exact Lagrangian submanifold L ĂM together with an equiv-
alence class rf s of diffeomorphisms f : K Ñ L; f1 „ f2 iff f´12 f1 is isotopic, in DiffpKq, to an
element of the isometry group IsopK, gq. An equivalence class rf s as above is called a framing.
Definition 2.11. Let L ĂM be a framed exact Lagrangian submanifold and τ locL a model twist
supported in the interior of Dď˚sL. Consider the symplectomorphism defined as
τL –
"
ι ˝ τ locL ˝ ι´1 on Impιq
Id elsewhere
In the case where L is a sphere, the map τL is the standard symplectic Dehn twist. When L
is a projective space, the resulting map is called projective twist. In this paper, the appellation
Dehn is exclusively reserved for twists that are constructed from a Lagrangian sphere.
Remark 2.12. We refer to [Sei00, Section 4.b] for the choices involved in this construction (in
particular the auxiliary functions rε).
Remark 2.13. Theorem 2.8 implies that given a symplectic manifold pM,ωq, any Lagrangian
L – CPn ĂM will define an element τL that is isotopic to the identity in DiffctpMq.
As shown by Evans and Dimitroglu-Rizell in [DRE15], the choice of framing does play a role in
determining the isotopy class of a spherical Dehn twist. In Section 8, we prove that this is also
the case for projective twists. Before then, any given Lagrangian submanifold is assumed to be
endowed with a choice of framing and we omit mentioning this datum in the constructions as
the results of Sections 2-7 are independent of such choices.
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2.3. Geometric twist functors. Let pM,ωq symplectic manifold, with well defined compact
Fukaya category FukpMq (taken with a coefficient field k of characteristic 2).
There is a map
Φ : SympctpMq Ñ AuteqpFukpMqq(7)
to the group of auto-equivalences of the Fukaya category (modulo quasi-isomorphism), such that
given φ P SympctpMq, Φpφq sends a Lagrangian L to φpLq. This factors through the quotient by
the subgroup HamctpMq Ă SympctpMq of compactly supported Hamiltonian diffeomorphisms,
so given a framed exact Lagrangian L as above and its associated twist τL, ΦpτLq defines a
well-defined element of AutpFukpMqq which we denote by TL.
The main properties of these functor associated to twists are summarised in what follows.
In [Sei03], Seidel showed a Dehn twist τL induced an invertible functor corresponding to an
element of AutpTwFukpMqq defined as cone of the evaluation map (see [Sei08a, (17j)]).
In recent times, there have been generalisations of Seidel’s triangle for a wider range of symplec-
tomorphisms, achieved through a range of different techniques. Wehrheim-Woodward ([WW16])
proved the existence of an exact triangle for fibred Dehn twists–another generalisation of Dehn
twists–using quilt theory adapted to Morse-Bott Lefschetz (MBL) fibrations, a generalisation
of Lefschetz fibrations studied by Perutz in [Per07].
Mak and Wu ([MW18a]) treated the case of projective twists, using Lagrangian cobordism
theory as developed in [BC13] and [BC14]. They proved that the autoequivalence induced by
a (real, complex, quaternionic) projective twist is isomorphic to a double cone of functors in
AutpTwFukpMqq ([MW18a, Theorem 6.10]).
Remark 2.14. The functor on AutpTwpFukpMqqq induced by the real projective twist behaves
differently if the coefficient field has characteristic zero ([MW18b, Corollary 1.3]).
2.4. Algebraic twist and the Huybrechts-Thomas conjecture. Given a symplectic
manifold pM,ωq with c1pMq “ 0 and a complex manifold pX,Jq so that pX,Mq forms a “mir-
ror pair”, homological mirror symmetry is the conjectural equivalence D5pXq – D5FukpMq
between the derived Fukaya category D5FukpXq :“ HpTwpXqq and the derived category
of coherent sheaves of X ([Kon95]). This means that for the pairs pX,Mq realising the
conjecture, there should be an isomorphism between the autoequivalences of the two categories
AuteqpD5pXqq – AuteqpD5FukpMqq.
In the category of derived coherent sheaves, Seidel-Thomas introduced in [ST01] the notion of
spherical object and associated spherical twist, conjecturing the latter to be the mirror twin to
the functor induced by a Dehn twist. On the symplectic side, Seidel proved ([Sei08a, Theorem
18.23], [Sei08a, Corollary 17.17]) that a spherical object of the Fukaya category would induce
a functor quasi-isomorphic to the functor naturally induced by a Dehn twist via the map (7),
establishing the equivalence between the algebraic and the geometric twists. This reinforces
the claim that spherical twists defined on D5pXq should be mirror to the autoequivalences in
D5FukpMq induced by Dehn twists.
Along the same lines, Huybrechts and Thomas ([HT06]) introduced the concept of P-objects and
associated P-twists in D5pXq. In a smilar vein as for the spherical case, Huybrechts and Thomas
conjectured that these autoequivalences should be the mirror counterpart of the functors on the
derived Fukaya category D5pFukpMqq induced by projective twists. Based on this supposition,
Harris ([Har11]) predicted the shape of the auto-equivalence of D5FukpMq induced by a pro-
jective twist. This prediction was confirmed thanks to the long exact sequence for projective
twists developped by Mak and Wu.
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In Remark 4.14 we explain how the P-twists considered in [HT06], supposingly mirror to pro-
jective twist functors, informed the correct formulation of Assumptions A, B, C necessary to
obtain the commuting diagrams of twists of the next section.
3. Commuting diagrams of twists
In this section we introduce the geometric ideas underpinning the philosophy of this paper. We
prove the existence of geometric commutative diagrams of twists for general Liouville manifolds
admitting Lagrangian projective spaces with certain cohomological restrictions.
3.1. Complex projective Lagrangians.
Lemma 3.1. Let τS2n`1 P SympctpT ˚S2n`1q, τCPn P SympctpT ˚CPnq be the model Dehn and
projective twists respectively. There is a commuting diagram
T ˚S2n`1
τS2n`1 //
q

T ˚S2n`1
q

T ˚CPn τCP
n
// T ˚CPn
.(8)
where q is a map induced by the standard submersion map h : S2n`1 Ñ CPn.
Proof. Consider the free S1-action on S2n`1 by complex multiplication. Recall that the action
is isometric, i.e for any g P S1, the induced map ψg P DiffpS2n`1q is an isometry. This implies
that the differential maps on the tangent bundles Dψg : TpS
2n`1 Ñ TψgppqS2n`1 commute with
the geodesic flow. Endow S2n`1 with the round metric gS , and consider the quotient map
h : S2n`1 Ñ CPn, which is the (generalised) Hopf fibration. It is a Riemannian submersion
by the properties above, that uniquely defines the Fubini-Study metric gP on CPn. Identify
the tangent bundles with their corresponding cotangent bundles TS2n`1 – T ˚S2n`1, TCPn –
T ˚CPn via the the canonical isomorphism induced by the metrics. Then the map on tangent
bundles dh : TS2n`1 Ñ TCPn induced by h is a fibre bundle which can be identified to a bundle
T ˚S2n`1 Ñ T ˚CPn. The co-geodesic flow ΦtH on T ˚S2n`1 is induced by the Hamiltonian
function rH : T ˚S2n`1 ÝÑ R(9)
pp, ξq ÞÝÑ }ξ}S .
and corresponds to the pullback rH :“ H ˝ q of a Hamiltonian function H : T ˚CPn Ñ R on the
quotient, defined by the submersion metric. Then q ˝ΦtrH “ ΦtH ˝ q, and for any choice of cut-off
function rε as in Section 2.2,
q ˝ σ rHrεp}ξ}Sqpξq “ σHrεp}qpξq}P q ˝ qpξq, ξ P T ˚S2n`1(10)
where σHt , σ
rH
t are the Hamiltonian S
1-actions induced by H and rH respectively, as in (2.6). A
simple closed loop in CPn of length 1 lifts to a path connecting a point to its antipodal point,
of the same length. Such a lift can be chosen to to have velocity vector perpendicular to the
Hopf orbits (the orbits of the S1-action). Hence given a simple closed geodesic of period 1 on
the quotient, this choice of lift yields a geodesic of period 2. We obtain q ˝ τS2n`1 “ τCPn ˝ q. 
Assumption A. Let pX,ωq be a 4n-dimensional Liouville manifold with a homology class
α P H2pX;Zq and Lagrangian complex projective spaces K1, . . . ,Km Ă X such that
@i : α|Ki “ x P H2pCPn;Zq
where x is the generator of the cohomology ring H˚pCPn;Zq – Zrxs{xn`1.
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Proposition 3.2. Let pX,ωq be a 4n-dimensional Liouville manifold containing embedded La-
grangian complex projective spaces K1, . . . ,Km Ă X. Assume there exists a class α P H2pX;Zq
satisfying Assumption A. Then there is a p4n ` 2q-dimensional Liouville manifold pY,Ωq and
Lagrangian spheres L1, . . . , Lm Ă Y such that for each i P t1, . . . ,mu there is a commuting
diagram
Y
τLi //
q

Y
q

X
τKi // X.
.(11)
The class α P H2pX;Zq restricts to a generator x P H2pCPn;Zq on each Lagrangian Ki, so there
is a complex line bundle LÑ X satisfying c1pLq “ α which is modelled on the tautological line
bundle OPnp´1q over Ki, for i “ 1, . . .m. Fix a metric } ¨ }L on L, define a radial function r
and set Li :“ tr “ 1u. The constant level set Li is a sphere lying over Ki.
Lemma 3.3. The C˚-bundle associated to L is a Liouville domain where the spheres Li are
embedded as Lagrangian submanifolds.
Proof. Denote this bundle by q : Y Ñ X. The idea is to define a symplectic form Ω on Y ,
making the spheres Li Lagrangian, and find the appropriate vector field which will be Liouville
with respect to Ω.
The metric induces a connection one form characterised by (see for example [AL12, Chapter
IV, Section 2.2])
γ∇u puq “ 0, γ∇u piuq “ 12pi , γ
∇|H∇u “ 0, @u P Lz0(12)
where H∇u L is the horizontal distribution associated to the connection ∇ at u. Note that this
satisfies rdγ∇s “ ´q˚pc1pLqq “ ´q˚pαq. Let Ω :“ q˚ω ` dpfprqγ∇q, for a function f P C8pRq
with
fp1q “ 0
f 1prq ą 0 for all r P R
Then Ω defines a symplectic form in a neighbourhood of tr “ 1u, and Li is Lagrangian with
respect to Ω. Let λ be the Liouville 1-form on X with dλ “ ω. Define λY :“ q˚λ ` fprqγ∇
so that dpλY q “ Ω. Then pλY ,Ωq defines a Liouville structure near tr “ 1u (the symplectic
dual to λY points outwards along a small neighbourhood of tr “ 1u). Therefore, a symplectic
completion along this neighbourhood yields a Liouville manifold that is diffeomorphic to Y ,
containing the Lagrangian spheres L1, . . . , Lm. 
Proof of Proposition 3.2. For each Lagrangian projective space Ki Ă X, the restriction of the
bundle L|Ki is modeled on the tautological line bundle, which implies that Li Ñ Ki is modelled
on the Hopf quotient map h : S2n`1 Ñ CPn. A Weinstein neighbourhood of Ki Ă X pulls-back
to a Weinstein neighbourhood of the associated sphere Li Ă Y , so we can argue by using the
local commuting diagram of cotangent bundles (8). Since this holds for every i “ 1, . . .m, and
both Dehn and projective twists are compactly supported in a neighbourhood of their generating
Lagrangians, the result extends to a diagram of the shape of (11).
Example 3.4. Given any projective Lagrangian K Ă M , it might not be possible to find a
sphere L realised as an S1-bundle over K (or a double cover in the real projective case), as the
following example demonstrates. Consider the manifold X obtained by attaching a 3-handle to
the contact boundary of D˚CP2 such that H2pX;Zq “ 0. On one hand, X contains a non-trivial
Lagrangian K “ CP2 Ă X coming from the zero section (this survives the handle attachment
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since it is disjoint from the boundary). (Note that as the handle attachment is subcritical, the
whole wrapped Fukaya category is preserved, see [GPS18].) However, as there is no non-trivial
2-cohomology class on X, there is no non-trivial S1-bundle over X that can be used to build a
sphere over K.
3.2. Real projective Lagrangians. A similar procedure can be applied to a Liouville man-
ifold containing real projective Lagrangians with an appropriate cohomology criterion. First
recall the following.
Lemma 3.5. [MW18a, Lemma 2.4] Let S0 – Z{2Z act on the sphere Sn by the antipodal
map. The quotient map h : Sn ÝÑ RPn is in this case a covering map, and induces a map
q : T ˚Sn Ñ T ˚RPn which is a symplectic double cover satisfying q˚ωT˚RPn “ ωT˚Sn. Let
τRPn P SympctpT ˚RPnq be the RPn-twist defined as in Section 2.2. Then the diagram
T ˚Sn τS
n
//
q

T ˚Sn
q

T ˚RPn τRP
n
// T ˚RPn.
.(13)
commutes.
Assumption B. Let pX,ωq be a 2n-dimensional Liouville manifold with a homology class
α P H1pX;Z{2Zq and Lagrangian real projective spaces K1, . . .Km Ă X such that
@i : α|Ki “ x P H1pRPn;Z{2Zq
where x is the generator of the cohomology ring H˚pRPn;Z{2Zq – Z{2Zrxs{xn`1.
Proposition 3.6. Let pX,ωq be a 2n-dimensional Liouville manifold containing embedded La-
grangian real projective spaces K1, . . .Km Ă X. Assume there is a class α P H1pRPn;Z{2Zq
satisfying Assumption B. Then, there is a 2n-dimensional Liouville manifold pY,Ωq containing
Lagrangian spheres L1, . . . , Lm Ă Y and commuting diagram of the form of (11).
Proof. In this case, the class α P H1pX;Z{2Zq defines a symplectic double cover q : p rX, rωq Ñ
pX,ωq. Each Lagrangian Ki – RPn then lifts to its double cover Li, which is a sphere Sn Ă rX.
Let λ be the Liouville form on X. As q is symplectic, rω “ q˚pωq “ q˚pdλq “ dpq˚pλqq, andrλ :“ q˚pλq defines a Liouville form on rX, which gives rX the structure of a Liouville manifold.
Then the result follows by the local case illustrated by Lemma 3.5.
3.3. Quaternionic projective Lagrangians. It is possible to obtain an analogous diagram
for the quaternionic twist as follows. Consider the free S3 » Spp1q-action on S4n`3 inducing
the quotient map h : S4n`3 Ñ HPn. This is a submersion as in the complex case, and the same
arguments (with the natural metrics) yield the local commuting diagram
T ˚S4n`3
τS4n`3 //
q

T ˚S4n`3
q

T ˚HPn τHP
n
// T ˚HPn.
.(14)
To extend the local diagram (14), we need to model our constructions on the “tautological
quaternionic line bundle“ over HPn, whose fibres over v P HPn are quaternionic lines in Hn`1
through v (and the unit bundle is given by the map h). Quaternionic line bundles over X are
classified by homotopy classes of maps X Ñ HP8 – Spp1q, and rX,Spp1qs – H4pX;Zq (see
[Moo01, pp. 33-34]). With this in mind, we can articulate the adequate assumption as follows.
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Assumption C. Let pX,ωq be a 8n-dimensional Liouville manifold with a homology class
α P H4pX;Zq and Lagrangian quaternionic projective spaces K1, . . . ,Km Ă X such that
@i : α|Ki “ x P H4pHPn;Zq(15)
where x is the generator of the cohomology ring H˚pHPn;Zq – Zrxs{xn`1.
Proposition 3.7. Let pX,ωq be a 8n-dimensional Liouville manifold containing embedded
Lagrangian quaternionic projective spaces K1, . . . ,Km Ă X. Assume there exists a class
α P H4pX;Zq satisfying Assumption C. Then there is a p8n`6q-dimensional Liouville manifold
pY,Ωq and Lagrangian spheres L1, . . . , Lm Ă Y such that for each i P t1, . . . ,mu there is a
commuting diagram of the form of (11).
Proof. To understand the quaternionic situation, we need to abstract the general principles
behind the proof of the complex case. By the classification theorem mentioned above, the class
α P H4pX;Zq determines a principal Spp1q – S3-bundle P ÝÑ X, which is a quaternionic line
bundle obtained as the pullback of the universal principal Spp1q-bundle ESpp1q ÝÑ BSpp1q –
HP8. The natural Spp1q – S3-action on T ˚Spp1q – T ˚S3 is Hamiltonian, so there is an
associated T ˚S3-bundle, obtained as Y :“ PˆSpp1qT ˚S3, which admits a well defined symplectic
form Ω ([Per07, 2.2.2], [WW16, Theorem 2.4]). The bundle q : Y Ñ X contains an S3-fibred
coisotropic submanifold V :“ P ˆSpp1qS3 ãÑ Y , whose restriction over the Lagrangian Ki yields
a Lagrangian sphere Li Ă Y . The manifold pY,Ωq admits Liouville structure (the S3-action on
T ˚S3 preserves its Liouville form; we leave the reader fill the details of this case). Then, the
local diagram (14) can be applied in a Weinstein neighbourhood of each Lagrangian projective
space Ki.

4. The Hopf correspondence
In this section we discuss the main theoretical device in action; Lagrangian correspondences.
We begin by reviewing the main concepts from Wehrheim-Woodward Lagrangian correspon-
dence theory (Section 4.1). The rest of the chapter is then focused on the correspondence that
will be used in our applications, the Hopf correspondence. Given a real/complex/quaternionic
projective Lagrangian K Ă X in a Liouville manifold pX,ωq satisfying (B)/ (A)/ (C), the Hopf
correspondence associates to it a Lagrangian sphere L Ă Y in an auxiliary Liouville manifold
pY,Ωq. The key use of the Hopf correspondence in this section is aimed at achieving a categor-
ical version of the commuting diagrams of the previous section. We show that the functors of
FukpXq induced by projective twists are entiwined, via the correspondence, with the functors
of FukpY q induced by the Dehn twists. In Section 4.5, we show that the Hopf correspondence
can be used to build a symplectic Gysin sequence as established in [Per08].
4.1. Lagrangian correspondences. We begin by summarising the basic definitions and re-
sults associated to Lagrangian correspondences in the setting of [WW09, WW10a, WW10b,
MWW16].
Definition 4.1 ([WW10b]). A Lagrangian correspondence between two symplectic manifolds
pMk, ωkq and pMk`1, ωj`1q (“from Mk to Mk`1”) is a Lagrangian submanifold Lk,k`1 Ă pM´k ˆ
Mk`1q :“ pMkˆMk`1,´ωj‘ωk`1q. A cycle of Lagrangian correspondences of length r ě 1 is a
sequence of symplectic manifolds pM0, . . . ,Mr`1 “M0q together with a sequence of Lagrangian
correspondences L :“ pL12, L23, . . . , Lr´1,r, Lr,1q such that Lkpk`1q Ă M´k ˆMkpk`1q for k “
0, . . . , r.
A Lagrangian submanifold L of a symplectic manifold pM,ωq is a trivial example of Lagrangian
correspondence, seen as L Ă tptu´ ˆM or L ĂM´ ˆ tptu.
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Definition 4.2. [WW10a, Definition 2.0.4] Let pMi, ωiq, i “ 0, 1, 2 be symplectic manifolds and
L01 ĂM´0 ˆM1, L12 ĂM´1 ˆM2 be Lagrangian correspondences.
(1) The correspondence dual to L01 is defined as L
t
01 :“ tpm1,m0q|pm0,m1q P L01u Ă
M´1 ˆM0.
(2) The composition of L01 and L12 is defined as
L01 ˝ L12 :“
"
pm0,m2q PM´0 ˆM2
ˇˇ Dm1 PM1 : pm0,m1q P L01pm1,m2q P L12
*
ĂM´0 ˆM2(16)
and it is called embedded if L01 ˝ L12 defines an embedded Lagrangian submanifold of
M´0 ˆM2 (this is not the original definition, see [WW10a, Definition 2.0.5]).
Example 4.3. [Per08, 1.1] Let pM2n, ωM q a symplectic manifold with a coisotropic embedding
ι : V ãÑM . If the foliation defined by the integrable distribution TV ω is a fibration p : V Ñ B
then the leaf space is a symplectic manifold pB,ωBq satisfying p˚ωB “ ι˚pωM q. Then the
graph of p is a Lagrangian submanifold of M ˆ B,´ωM ‘ ωBq and maps V to a Lagrangian
correspondence.
Example 4.4. [WW10b, Example 2.0.2 (e)] Let pM,ωM q be a Liouville manifold. Let G be
a compact Lie group acting on M Hamiltonianly with moment map µ : M Ñ g˚. If G acts
freely on µ´1p0q, the latter is a smooth G´fibred coisotropic over the symplectic quotient
M G :“ µ´1p0q{G. X :“M G is a symplectic manifold with (in this case exact) symplectic
structure ωMG given by the Marsden-Weinstein theorem (see for example [MS17, Section 5.4]).
The graph of the quotient map µ´1p0q Ñ X is a Lagrangian submanifold of pMˆX,´ωM‘ωXq
and defines a Lagrangian correspondence, relating Lagrangians of M with Lagrangians of its
symplectic quotient.
In [WW10a] and [WW10b], Wehrheim and Woodward introduced a Floer cohomology theory
adapted to cycles of Lagrangian correspondences, called quilted Floer cohomology. Pseudo-
holomorphic quilts are a generalisation of the usual pseudo-holomorphic strips used in standard
Lagrangian Floer theory, and the quilted invariant is defined by counting pseudo-holomorphic
quilts with boundary constraints defined by the Lagrangian correspondences. We use the orig-
inal definition of quilted Floer cohomology, from [WW10b, Section 4.3], in the special case of a
cyclic sequence of Lagrangian correspondences of length 3 and 4.
Definition 4.5. For an odd cycle of Lagrangian correspondences L :“ pL01, L12, L23q in
pM0,M1,M2,M3 “M0q, define HFpLq :“ HFpL01ˆL23, pL12ˆ∆0qt;Z{2Zq, where ∆0 ĂM´0 ˆ
M0 is the diagonal. For an even cycle of Lagrangian correspondences L :“ pL01, L12, L23, L34q
in pM0,M1,M2,M3,M4 “M0q, define HFpLq :“ HFpL01 ˆ L23, pL12 ˆ L34qt;Z{2Zq.
One of the main features is that given a cycle L of Lagrangian correspondences, quilted Floer
cohomology is invariant under embedded composition (as defined in 4.2) of subsequent La-
grangians in L.
Theorem 4.6. [WW09, Theorem 1.0.1],[WW10b, Theorem 5.4.1] Let L “ pL01, . . . , Lrpr`1qq
be a cyclic sequence of closed, exact embedded and oriented Lagrangian correspondences between
Liouville manifolds M0, . . . ,Mr`1 “ M0 such that @i, Lpi´1qi ˝ Lipi`1q is embedded. Then, for
L1 :“ pL01, . . . , Lpj´1qj ˝ Ljpj`1q, . . . , Lrpr`1qq, there is an isomorphism HF pLq – HF pL1q.
In [MWW16] the same authors and Ma’u proved that under certain assumptions, a Lagrangian
correspondence L01 between given monotone symplectic manifolds pM0, ω0q and pM1, ω1q, would
define an A8-functor Γ01 between the Fukaya categories1 of the two manifolds. The following
theorem is a simple instance of that result, for convex exact symplectic manifolds.
1As before, we assume all our coefficient field to be of characteristic 2.
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Theorem 4.7. [MWW16, Theorem 1.1] Assume M0,M1 are Liouville manifolds, and let Γ01 Ă
M´0 ˆM1 is a closed, exact and embedded correspondence. Then there exists an A8´functor
Φ01 : FukpM0q ÝÑ FukpM1q.(17)
where to an embedded Lagrangian K0 Ă M0 is assigned the embedded Lagrangian Φ01pK0q “
K0 ˝ Γ01 ĂM1 obtained by the geometric composition.
Remark 4.8. The correspondences are required to be closed, exact and embedded. The La-
grangian correspondence Γ we consider in this paper (introduced in the next section) is exact,
embedded, but not closed. Instead, it has cylindrical ends (or contact boundary). In general,
this situation would require a suitable “non-compact” generalisation, as for example the version
developped in [Gao17a], [Gao17b]. In Section 4.3, we explain why, despite Γ being non-compact,
it can be treated using the above theory. This spares the effort of resorting to more advanced
technological devices.
4.2. Hopf correspondence. We can finally introduce the protagonist of this paper, the Hopf
correspondence. This a Lagrangian correspondence obtained as the graph of a spherically fibred
coisotropic submanifold as in Example 4.3 (we use the setting of [Per08]).
For each type of Lagrangian projective space K – APn Ă X, A P tR,C,Hu in a Liouville
manifold pX,ωq satisfying a cohomology restriction (Assumptions B, A, C) we construct a
correspondence relating K to a Lagrangian sphere L in an auxiliary Liouville manifold pY,Ωq.
4.2.1. Lagrangian CPn. Let pX4n, ωq be a Liouville manifold admitting Lagrangian submani-
folds Ki – CPn ãÑ X, i “ 1, . . . ,m. Assume there is a class α P H2pX;Zq satisfying Assumption
A. Then there is a line bundle L ÝÑ X with c1pLq “ α, and an associated C˚-bundle q : Y ÝÑ X
whose total space is a Liouville manifold pY,Ωq (see proof of Lemma 3.2). Set V :“ Y |tr“1u, the
unit length bundle (determined by the metric on Y induced by a choice of hermitian metric on
L). If ι : V Y is the inclusion, then by construction ι˚Ω “ q˚pωq|V , so the symplectic
reduction of V by S1 is given by pX,ωq, and V is a spherically fibred coisotropic submanifold
of X´ ˆ Y “ pX ˆ Y,´ω ‘ Ωq.
For any Lagrangian projective space Ki Ă X, the restriction V |Ki Ñ Ki is a Lagrangian sphere
Li – S2n`1 Ă Y .
Definition 4.9. The (transpose) graph
Γ :“ tpqpyq, yq, y P V u Ă X´ ˆ Y(18)
defines a Lagrangian correspondence ([Per08, Proposition 1.1]), which we call the Hopf cor-
respondence. By construction, given an embedded Lagrangian K – CPn Ă tptu ˆ X, the
correspondence maps K to an embedded Lagrangian sphere L :“ K ˝ Γ – S2n`1 Ă tptu ˆ Y via
geometric composition.
Remark 4.10. This Lagrangian correspondence can equivalently be thought of as a correspon-
dence of the type of Example 4.4, where the coisotropic V is a regular level set of a Hamiltonian
S1 “Hopf”-action, and pX,ωq its symplectic quotient (note that the local models (8), (13), (14)
are obtained from this perspective). This explains the choice of name for the correspondence.
4.2.2. Lagrangian RPn. Let pX2n, ωq be a Liouville manifold admitting Lagrangian embeddings
Ki – RPn ãÑ X, i “ 1, . . .m. Assume there is a cohomology class α P H1pX;Z{2Zq satisfying
Assumption B. Then, there is a Liouville manifold pY,Ωq “ p rX2n, rωq obtained as symplectic
double cover of X, and containing Lagrangian spheres L1, . . . , Lm Ă rX. The double cover
q : rX ÝÑ X defines an S0-fibration over X, and in this case the “coisotropic submanifold” is
the total space itself. As above, we define the Hopf correspondence as Γ :“ tpqpyq, yq, y P rXu Ă
X´ ˆ rX.
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4.2.3. Lagrangian HPn. Let pX8n, ωq be a Liouville manifold admitting Lagrangian embeddings
Ki – HPn ãÑ X, i “ 1, . . . ,m. Assume there is a cohomology class α P H4pX;Zq satisfying
Assumption C. Following Proposition 3.7, there is a Liouville manifold pY,Ωq obtained as T ˚S3-
bundle q : Y Ñ X containing an S3-fibred coisotropic submanifold V Ñ X. For all i “ 1, . . .m,
the restriction of V |Ki yields a Lagrangian sphere in Y , so we define the Hopf correspondence
as Γ :“ tpqpyq, yq, y P V u Ă X´ ˆ Y .
4.3. Induced functor. Let Γ Ă X´ ˆ Y be the Hopf correspondence. We prove the existence
of an induced functor FukpXq Ñ FukpY q. For a closed exact embedded correspondence, the
literature reviewed in Section 4.1 establishes the existence of such a functor. However, the
coisotropic submanifold V defining the Hopf correspondence is not a closed manifold, so this
Lagrangian correspondence is only exact embedded. There are non-compact generalisations of
Theorem 4.7, developed in [Gao17a, Gao17b] in the setting of wrapped Fukaya categories, but
the framework we consider enables us to circumvent these implementations. As the following
Lemma shows, despite the correspondence being non-compact, all the other assumptions guar-
antee the existence (via the same Ma’u-Wehrheim-Woodward theory) of a functor relating the
compact Fukaya categories FukpXq and FukpY q.
Lemma 4.11. Let Γ Ă X´ ˆ Y be the Hopf correspondence. There is a well-defined induced
functor
ΘΓ : FukpXq Ñ FukpY q, ΘΓpKq “ K ˝ Γ “: L.(19)
The Lagrangian correspondence Γ we adopt is not compact, so we need to ensure that the
literature behind Theorem 4.7 is still applicable. As the correspondence will only be used to
relate closed exact Lagrangians of Y to closed exact Lagrangians of X, the techniques of [WW09,
WW10a, WW10b, MWW16] are still compatible as long as the main machinery involved, quilted
Floer theory, is well defined. The first necessary ingredient for Theorem 4.7 to be valid is the
invariance of quilted Floer cohomology under Lagrangian correspondences–this is the content of
Theorem 4.6. Given invariance, the results of [WW10a] follow; a functor on the cohomological
category. The extension to an A8-functor (the content of [MWW16]) is obtained by considering
the higher A8-products, an analysis of pseudo-holomorphic polygons. We restrict the discussion
to the first part, namely showing that the quilted Floer cohomology groups involved in our
setting are well-defined and satisfy this invariance property.
Sketch of the proof. Recall that the correspondence Γ Ă X´ ˆ Y has been chosen to send a
closed exact Lagrangian projective space K Ă X to the G-bundle over it, for G P tS0, S1, S3u
which is an embedded Lagrangian sphere L :“ K ˝ Γ Ă Y .
Let L1 Ă Y , K Ă X be closed exact Lagrangian submanifolds. The (quilted) Floer cohomology
group for the cycle of Lagrangian correspondences pK,Γ, L1q Ă ppt,X, Y, ptq can be defined
(Definition 4.5) as the Floer cohomology group HFpK,Γ, L1q :“ HF˚pK ˆ L1,Γq, where K ˆ L1
and Γ are seen as Lagrangian submanifolds of pXˆY,´ω‘Ωq. We explain why the isomorphism
HFpK,Γ, L1q – HFpK ˝ Γ, L1q “ HFpL,L1q, predicated by Theorem 4.6, still holds.
Being a product of Liouville manifolds, X´ˆY admits a Liouville structure, hence a compatible
almost complex structure that is of contact type, which we denote by JXˆY . Let hXˆY : X´ ˆ
Y Ñ r0,8q be a function associated to JXˆY and c0 ą 0 as in Definition 2.1.
After perturbing the Lagrangians (in our case via compactly supported Hamiltonian perturba-
tions), the intersection points defining the two complexes are finite and non-degenerate. [WW09,
Proposition 2.2.1] proves that there is a bijection between the perturbed intersection points in
pK ˆ L1q X Γ and the ones of LX L1. These sets therefore generate isomorphic cochain groups
CFpK ˆ L1,Γq – CFpL,L1q.
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Next, we analyse Floer trajectories, and prove that all the computations involving pseudo-
holomorphic curves can be restricted to a compact region around the (perturbed) intersection
points of K ˆ L1 X Γ (this is obviously satisfied for the closed pair pL,L1q).
Claim 4.1. There is a compact subset pK ˆL1qXΓ ĂW , such that the interior of W contains
all (perturbed) JXˆY -holomorphic curves involved defining the Floer differential of the complex
CF˚pK ˆ L1,Γq.
Proof. Let u : RˆS1 Ñ XˆY be a curve connecting two intersection points x´, x` P pKˆL1qXΓ,
satisfying the (possibly perturbed) Floer equation with Lagrangian boundary conditions on
K ˆ L1 and Γ. The energy of the curve is given by
Epuq “
ż
RˆS1
u˚ω ´ ε(20)
where ε ą 0 is a bounded quantity depending on the Hamiltonian perturbation. By exactness
(of the symplectic manifold and the Lagrangians), the area apuq :“ ş u˚ω only depends on the
endpoints x˘ and the Hamiltonian contribution ε is bounded independently from u. Assume
by contradiction that the curve can escape an arbitrarily large neighbourhood of pK ˆ L1q X
Γ, defined by a region bounded by a contact hypersurface h´1XˆY pkq, for some value k ą 0.
By Lemma 2.5, there is C “ CpEpuqq ą 0 such that lim
sÑ´8ups, tq Ă h
´1
XˆY pp´8; c0sq and
lim
sÑ8ups, tq Ă h
´1
XˆY prC;8qq beyond which it would hold apuq ą Epuq, contradicting (20).
Define a value r ą 0 such that CpEpuqq “ k` r. Then the boundary of the curve u is contained
in h´1XˆY pp´8, c0`rqq and hence the whole image satisfies upRˆS1q Ă h´1XˆY pp´8, c0`rqq (by
Lemma 2.4). We then obtain the desired compact subset as W :“ h´1XˆY pp´8, c0 ` rsq. This
proves Claim 4.1. 
To continue the proof of Lemma 4.11, we can use the arguments of [WW09] to obtain the
isomorphism HFpK ˆ L1,Γq – HFpK ˝ Γ, L1q. This is achieved by first identifying the moduli
space of curves defining HFpK ˆ L1,Γq (i.e the curves discussed in the claim above) with the
moduli space arising from the original quilted complex CFpK,Γ, L1q (as defined in [WW10b])
and then proving this moduli space to be in bijection to the one defining HFpK ˝Γ, L1q. This is
the content of [WW09, Theorem 2.2], which is proved by a “strip shrinking” argument, which
can be extended to our situation as no bubbling phenomena can occur–in particular, there can
be no “figure 8 bubble”, see [WW09, Introduction]–due to the strong exactness assumptions. 
4.4. Commuting diagrams of (geometric) twist functors. Let Γ Ă X´ ˆ Y be the
Hopf correspondence, inducing the functor ΘΓ : FukpXq Ñ FukpY q as in Lemma 19. Let
K1, . . .Km Ă X be real/complex/quaternionic projective Lagrangians satisfying Assumptions
(B)/(A)/(C), and L1, . . . , Lm Ă Y the resulting associated Lagrangian spheres. For each
i “ 1, . . .m, let TKi P AuteqpFukpXqq and TLi P AuteqpFukpY qq be the twists functors in-
duced by the graphs of the respective twists τKi P SympctpXq, τLi P SympctpY q.
Corollary 4.12. There is a commuting diagram at the level of compact Fukaya categories as
FukpY q TLi // FukpY q
FukpXq
ΘΓ
OO
TKi // FukpXq.
ΘΓ
OO
(21)
In particular, iterative applications of this diagram yield
ΘΓ ˝
ź
T kiK “
ź
T kiLi ˝ΘΓ.(22)
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Proof. Consider the functors TLi and TLi as correspondences induced by the graphs of the re-
spective twists τKi P SympctpXq, τLi P SympctpY q. Then we have to check that the compositions
of correspondences ΘΓ ˝ TKi “ TKi ˝ΘΓ, as Lagrangians in X´ˆ Y , coincide. By construction,
this equality amounts to the commutativity of diagram (11). 
Remark 4.13. Note again that for a coefficient field of characteristic zero, the functor as-
sociated to the real projective twist has a different shape which produces a different diagram
([MW18b, Corollary 1.3]).
Remark 4.14. There is a “mirror situation”, studied by Huybrecht-Thomas ([HT06]), that
motivated the need for a cohomology class as in the assumption above. Let X be a complex
manifold.
(1) A spherical object in the derived category is an object E P D5pXq such that E b ωX – E
and Ext˚pE , Eq – H˚pSn;Cq as graded ring. A spherical object induces an autoequiva-
lence TE : D5pXq Ñ D5pXq, called the (algebraic) spherical twist.
(2) A P-object is an object P P D5pXq satisfying PbωX – P and Ext˚pP,Pq – H˚pCPn;Cq
as graded rings. A P-object P induces an autoequivalence TP : D5pXq Ñ D5pXq called
P-twist.
By [HT06, Proposition 1.4], a P-object P P D5pXq in the central fibre of an algebraic deformation
j : X ãÑ X and satisfying 0 ‰ ApPq ¨κpX q P Ext2pP,Pq has an associated spherical object given
by j˚pPq P D5pX q. Here, ApPq P Ext1pP,P b Ω1Xq is the Atiyah class of P and κpX q P
H1pX, TXq the Kodaira-Spencer class of the family X . Furthermore, the twists associated to
each object, TP and Tj˚P , are related by a commutative diagram ([HT06, Proposition 2.7])
D5pXq j˚ //
TP

D5pX q
Tj˚P

D5pXq j˚ // D5pX q
(23)
We view our results as conjectural mirror to the situation presented by Huybrecht-Thomas.
4.5. Lagrangian Gysin sequence. Let Γ Ă X´ ˆ Y be the Hopf correspondence. Given
projective Lagrangian submanifolds K,K 1 Ă X and their corresponding lifts L,L1 Ă Y through
the functor ΘΓ, a version of Perutz’s Gysin sequence of [Per08] can be used to establish a
relationship between the ranks of the Floer cohomology groups HFpK,K 1q and HFpL,L1q.
Let V Ñ X be the Sk-fibred coisotropic defining the correspondence, k P t0, 1, 3u for
Assumptions (B)/(A)/ (C) respectively, with Euler class denoted by epV q P Hk`1pX;Rq,
R P tZ{2Z,Z,Zu. Let K,K 1 Ă X be Lagrangian projective spaces and L “ ΘΓpKq,
L1 “ ΘΓpK 1q Ă Y be the associated Lagrangian sphere given by the correspondence.
Lemma 4.15. There is an exact triangle of the shape
(24) HF˚pK,K 1q epV q Y¨ // HF˚`k`1pK,K 1q
Γ˚vv
HF˚k`1pL,L1q
hh
Proof. This exact sequence follows from the Gysin triangle proved by Perutz in [Per08, Theorem
1], which has the more general form
... ÝÑ HF˚pK,K 1q epV qY ¨ÝÝÝÝÝÑ HF˚`k`1pK,K 1q Γ˚ÝÑ HF˚`k`1pK,Γt,Γ, pK 1qtq ÝÑ ...(25)
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where the last group is the quilted Floer cohomology group of the cycle of Lagrangian cor-
respondences L :“ pK,Γt,Γ, pK 1qtq, satisfying HFpK,Γ,Γt, pK 1qtq – HF˚pK ˝ Γ, pK 1 ˝ Γqtq –
HFpL, pL1qtq. As K,K 1 and L,L1 are usual Lagrangian submanifolds, we can drop the transpo-
sition operation. The isomorphism follows from Theorem 4.6 and the observations in the proof
of Lemma 4.11–the compositions K ˝Γ, Γt ˝ pK 1qt “ pK 1 ˝Γqt are embedded, and coincide with
the spheres (Lagrangian in X) in the unit bundle V over K,K 1.
The first map in the original exact sequence (24) is quantum cup product with the Euler
class epV q P QH˚pXq. In this case the exactness assumptions on the ambient symplectic
manifold X ensure the well-definedness of the operation. Moreover, QH˚pXq – H˚pXq is a
ring isomorphism so that there is no quantum deformation involved. The second map, Γ˚, is
induced by the Lagrangian correspondence, and needs to be understood in the context of quilted
Floer theory. We refer the reader to [Per08, Section 4.1] for a more refined description of the
maps (in the setting of Hamiltonian Floer theory). 
Corollary 4.16. The Gysin sequence delivers the inequality for the ranks
hfpL,L1q :“ rank HFpL,L1q ď 2 rank HFpK,K 1q.(26)
We note that the map epV q Y ¨ is invariant under Lagrangian isotopies, in the following sense.
Lemma 4.17. For an Hamiltonian isotopy ϕt P pi0pSympctpXqq with ϕ0 “ ϕ, ϕ1 “ Id, and ex-
act Lagrangian submanifolds K,K 1 Ă X, the maps HF˚pK,ϕpK 1qq epV qY¨ÝÝÝÝÑ HF˚`k`1pK,ϕpK 1qq
and HF˚pK,K 1q epV qY¨ÝÝÝÝÑ HF˚`k`1pK,K 1q have quasi-isomorphic mapping cones.
Proof. Let ϕt P pi0pSympctpXqq be an isotopy connecting ϕ to the identity Id. By the ex-
actness of the ambient manifold X and the Lagrangians K,K 1, this follows by a continua-
tion map argument, as in [Sei08a, Section (8k)], in which the cup product map is extended
to a map HF˚pK,ϕtpK 1qq ÝÑ HF˚`k`1pK,ϕtpK 1qq). The Lagrangian isotopy tϕtpK 1qu0ďtď1
namley delivers an element in HF pQ,ϕpK 1qq, which, by composing with the Floer prod-
uct HF pK,ϕpK 1qq b HF pK,K 1q Ñ HF pK,ϕpK 1qq gives the isomorphism HFpK,K 1q –
HFpK,ϕpK 1qq and makes the maps epV q Y ¨ : HF˚pK,ϕpK 1qq ÝÑ HF˚`k`1pK,ϕpK 1qq and
epV q Y ¨ : HF˚pK,K 1q ÝÑ HF˚`k`1pK,K 1q homotopic. 
5. Free generation in plumbings of projective spaces
In this section we apply the Hopf correspondence to prove the main theorem of the first part of
this paper. Let pX,ωq be a plumbing of projective spaces (Section 5.1). We show that the twists
along the Lagrangian cores of X generate a free subgroup of pi0pSympctpXqq, and the associated
autoequivalences of the Fukaya category generate a free subgroup of AuteqpFukpXqq.
5.1. Clean Lagrangian plumbing. We first recall a construction from [Abo11, Appendix
A] of clean Lagrangian plumbing of two Riemannian manifolds Q1, Q2 along a submanifold
B Ă Qi, i “ 1, 2. Given closed smooth manifolds B,Q1, Q2, an embedding B ãÑ Qi for each
i “ 1, 2 and an isomorphism % : νB{Q1 Ñ ν˚B{Q2 . Pick a Riemannian metric on B, an inner
product and a connection on νB{Q1 – ν˚B{Q2 (which induces an inner product and connection
on νB{Q2 – ν˚B{Q1). This data induces a metric on the total spaces νB{Qi , and a nieghbourhood
Ui of B Ă Qi can be identified with a disc subbundle DενB{Qi of radius ε ą 0. With this
identification we write x P Ui as x “ pa, bq for b P B, a P DεpνB{Qiqb (the fibre over b).
For each x “ pa, bq P Ui, the connection gives a decomposition of the fibres Tx˚Qi – Tb˚ B ‘pν˚B{Qiqb. We get an identification of a neighbourhood of B Ă T ˚Qi as
DενB{Qi ‘DεT ˚B ‘Dεν˚B{Qi .(27)
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Let Vi be a bounded neighbourhood of Qi Ă D˚Qi which in (27) coincides with Dε˚B‘Dεν˚B{Qi
over Ui – DενB{Qi .
Definition 5.1. (1) As a smooth manifold, the clean plumbing M :“ D˚Q1#BD˚Q2 of
Q1, Q2 along B is defined by gluing V1 to V2 along DενB{Q1 ‘DεT ˚B ‘Dεν˚B{Q1 Ă V1
identified with DενB{Q2 ‘DεT ˚B ‘Dεν˚B{Q2 via %, ´p%˚q and idT˚B.
(2) The plumbing construction inherits an exact symplectic structure, since the identification
maps of p1q preserve the canonical structures on D˚Qi. Let Zi be the standard radial
Liouville vector field on Vi. We define a Liouville vector field Z on the plumbing by
letting Z “ ρ1Z1 ` ρ2Z2, for smooth functions ρ : M Ñ r0, 1s supported on Vi. This
endows M with the structure of an exact symplectic manifold.
5.2. Proof of Theorem 1. We are now able to state and prove the following free generation
result for a plumbing of projective spaces.
Theorem 5.2. Let X “ T ˚APn#AP`T ˚APn be a clean plumbing of (real/complex/quaternionic)
projective spaces along a linearly embedded sub-projective space AP` Ă X, A P tR,C,Hu. Let
K1,K2 – APn Ă X denote the Lagrangian core components of the plumbing. Then the projective
twists τK1 and τK2 generate a free group inside pi0pSympctpXqq, and the associated functors
TK1 , TK2 generate a free subgroup of AuteqpFukpXqq.
The plumbing pX,ωq and its (real/complex/quaternionic) projective Lagrangian cores K1,K2 Ă
X satisfy the cohomological conditions (B){(A){(C) so there is a Liouville manifold pY,Ωq ÝÑ
pX,ωq and a Hopf correspondence Γ Ă X´ ˆ Y that delivers associated Lagrangian spheres
L1, L2 Ă Y and commuting diagrams of twist functors (21). Moreover, the spheres Sm – L1, L2
intersect at a sub-sphere Sr, for the tuple pA,m, rq P tpR, n, `q, pC, 2n`1, 2``1q, pH, 4n`3, 4``
3qu. We will prove Theorem 5.2 via a contradiction argument, combining the rank inequality
given by Corollary 4.16 and the following results by A. Keating.
Theorem 5.3. [Kea13, Theorem 1.1 and 1.2] Let pY,Ωq be a Liouville manifold of dimension
greater than 2, and L,L1 Ă Y be two Lagrangian spheres satisfying rank HFpL,L1q ě 2, and
L,L1 are not quasi-isomorphic in the Fukaya category. The Dehn twists τL, τL1 generate a free
subgroup of pi0pSympctpY qq, and the associated functors TL, TL1 P AuteqpFukpY qq generate a
free subgroup of AuteqpFukpY qq.
Lemma 5.4. [Kea13, Lemma 8.1] Let L˜, L, L1 be Lagrangians such that L˜ is a sphere, L˜ fl L
in the Fukaya category, and hfpL˜, Lq ě 2. Then, for all n ‰ 0:
rankpHFpL˜, L1qq “: hfpL˜, L1q ą hfpL,L1q ñ hfpL˜, τn
L˜
pL1qq ă hfpL, τn
L˜
pL1qq.
Lemma 5.5. [Kea13, Claim 8.2] Let L,L1 be two Lagrangian spheres in an exact symplectic
manifold as in Theorem 5.3 satisfying hfpL,L1q “ 2. Then for all m ‰ 0 we have
hfpL1, Lq “ hfpL1, τmL1Lq ă hfpL, τmL1Lq.
Remark 5.6. The geometric statement of Theorem 5.2 could be obtained by an isotopy-lifting
argument using the geometric diagrams of Section 3 (as in Section 7.1). Assuming the projective
twists do satisfy a relation, this procedure lifts the isotopy to SympctpY q, producing a relation
between Dehn twists, which cannot hold by Keating’s theorem. However, this geometric argument
does not deliver the necessary categorical information to obtain the statement at the level of
Fukaya categories, for which the use of the Hopf correspondence machinery is necessary.
In the following two sections, we prove the main theorem by making a case dinstinction between
a mixed twist assumption case in Section 5.3 and the single twist case in Section 5.4.
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5.3. Proof of the mixed twists case.
Corollary 5.7. Let Γ Ă X´ ˆ Y the Hopf correspondence as above. Let φ P SympctpY q be a
word of Dehn twists around the Lagragian (spheres) cores and L Ă Y a test Lagrangian (closed,
exact), so that L fl φpLiq for i “ 1, 2. Assume that the product φ contains at least one factor in
each twist τL1 , τL2. Then the rank of HFpL, φsLq grows (at least) linearly with s. In particular,
lim
sÑ8 rankHF
˚pL, φsLq “ 8.
Proof of Theorem 5.2. By contradiction, let ϕ :“ τ bkK2τakK1 ¨ ¨ ¨ τ b1K2τa1K1 P SympctpXq, ai, bi P Z be
a composition of projective twists around the Lagrangian cores of the plumbing which is isotopic
to the identity. By iteratively using commutativity of the functors in diagram (21), one defines
the symplectomorphism φ “ τ bkL2τakL1 ¨ ¨ ¨ τ b1L2τa1L1 P SympctpY q.
By Theorem 5.3, xτL1 , τL2y is a free subgroup in pi0pSympctpY qq, so in particular φ cannot
be Hamiltonian isotopic to the identity. Corollary 5.7 shows that HF pL1, φpL1qq is not only
non-isomorphic to HF pL1, L1q, but also limsÑ8 hfpL1, φsL1q Ñ 8. Combined with Corollary
4.16 (in the form of (28)) this implies that the rank hfpK1, ϕspK1qq is also growing at least
linearly with s, which provides a contradiction to the assumption of ϕ being isotopic to the
identity. 
We now prove the technical Corollary.
Proof of Corollary 5.7. By grouping adjacent powers of the same twist together, we can write
φ as a product of the shape
φ “ τ bkL2τakL1 ¨ ¨ ¨ τ b1L2τa1L1
for a1 P Z, ai P Z˚ for 2 ď i ď k and bi P Z˚ for 1 ď i ď k. Note that we can assume without
loss of generality that φ has this form, and that:
(1) The 2k´th component of the product is a nontrivial power τ bkL2 of the twist on L2. If not,
just swap L1 and L2 and consider the group HFpL2, φpL2qq instead of HFpL1, φpL1qq;
(2) The first component is a power τa1L1 of the twist on L1, since HFpPˆ , τa1L1L1q “ HFpPˆ , L1q
for any Lagrangian Pˆ .
In this case it is enough to use the Gysin exact sequence to the Hopf correspondence and K Ă X
and Pˆ “ Qˆ “ Γ ˝K1 “ L1; to get the rank inequality
hfpL1, φpL1qq ď 2hfpK1, ϕpK1qq.(28)
Lemma 5.8. The rank of HFpL1, φpL1qq depends on the number k P N appearing in the factor
decomposition of φ as product of Dehn twists:
rank HFpL1, φpL1qq “ hfpL1, τ bkL2τakL1 ¨ ¨ ¨ τ b1L2τa1L1L1q ą 2k ` 1.(29)
Proof. In the case we are considering, we have hfpL1, L2q “ 2. Apply Lemma 5.5 to get
2 “ hfpL2, L1q “ hfpL2, τ b1L2τa1L1L1q ă hfpL1, τ b1L2τa1L1L1q.
Now apply Lemma 5.4 (with n “ a2, L˜ “ L1, L “ L2 and L1 “ τ b1L2τa1L1L1) and get
hfpL1, τ b1L2τa1L1L1q “ hfpL1, τa2L1τ b1L2τa1L1L1q ă hfpL2, τa2L1τ b1L2τa1L1L1q.
Apply Lemma 5.4 again (with n “ b2, L˜ “ L2, L “ L1 and L1 “ τa2L1τ b1L2τa1L1L1)
hfpL2, τa2L1τ b1L2τa1L1L1q “ hfpL2, τ b2L2τa2L1τ b1L2τa1L1L1q ă hfpL1, τ b2L2τa2L1τ b1L2τa1L1L1q.
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Continue to apply Lemma 5.4 iteratively until the final step
hfpL2, τ bkL2τakL1 ¨ ¨ ¨ τ b1L2τa1L1L1q ă hfpL1, τ bkL2τakL1 ¨ ¨ ¨ τ b1L2τa1L1L1q.
Then
hfpL1, τ bkL2τakL1 ¨ ¨ ¨ τ b1L2τa1L1L1q ą 2` 2k ´ 1 “ 2k ` 1.

Corollary 5.7 follows. 
5.4. Proof of the single twist case. Now consider the case in which φ “ τ sjLj , sk P Z a power
of a Dehn twist along a single Lagrangian sphere Lj , j “ 1 or 2.
Lemma 5.9. For φ :“ τmLj , i “ 1, 2, there exists Lagrangians Pˆ , Qˆ Ă Y so that HFpPˆ , Qˆq fl
HFpPˆ , φpQˆqq.
Proof. Without loss of generality we can assume that φ is of the form φ “ τmL1 (else swap every
L1 with L2). A possible pair of candidates is given by Pˆ “ L1, Qˆ “ τaL1τ bL2L, which satisfy
HFpL1, τaL1τ bL2L1q fl HFpL1, τmL2τaL1τ bL2L1q.(30)
This can be seen from the inequalities of Lemma 5.5, which give 2 “ hfpL2, L1q “
hfpL2, τ bL2L1q ă hfpL1, τ bL2L1q “ hfpL1, τaL1τ bL2L1q. Then, by applying Lemma 5.4 twice, one
obtains
hfpPˆ , Qˆq “ hfpL1, τaL1τ bL2L1q ă hfpL2, τaL1τ bL2L1q “
“ hfpL2, τmL2τaL1τ bL2L1q ă hfpL1, τmL2τaL1τ bL2L1q “ hfpPˆ , φpQˆqq.

Proof of Theorem 5.2. Assume by contradiction that ϕ “ τ sjKj P SympctpXq is Hamiltonian
isotopic to the identity. For an isotopy ϕt P pi0pSympctpXq with ϕ0 “ ϕ, ϕ1 “ Id, and closed
exact Lagrangian submanifolds P,Q Ă X, the maps HF˚pP,ϕpQqq epV qY¨ÝÝÝÝÑ HF˚`k`1pP,ϕpQqq
and HF˚pP,Qq epV qY¨ÝÝÝÝÑ HF˚`k`1pP,Qq have quasi-isomorphic mapping cones, by Lemma 4.17
applied to the Lagrangian isotopy Qt “ ϕtpQq. Therefore, if Pˆ , Qˆ Ă Y are the Lagrangian lifts
of P,Q through the correspondence Γ, and φ P SympctpY q the symplectomorphism associated to
ϕ, then HFpPˆ , Qˆq – HFpPˆ , φpQˆqq. It is therefore enough to use Lemma 5.9 to find Lagrangians
P,Q, together with their Γ-lifts Pˆ , Qˆ for which this isomorphism no longer holds, in order to
get a contradiction.
5.5. Knotted Lagrangian projective spaces. The phenomenon that a single (smooth) iso-
topy class of submanifolds contains infinitely many Lagrangian isotopy classes is called La-
grangian“knottedness”. Very often, the quest for (un-)knottedness is intimately related to the
study of isotopy classes of Dehn twists.
In the plumbing of spheres Li – S2, Y :“ T ˚L1#ptT ˚L2, we know that for any r P Z, τ2rL2pL1q
is smoothly isotopic to the identity, but not symplectically; as first shown by Seidel ([Sei99,
Theorem 1.1]), none of the powers τ2rL2pL1q are Hamiltonian isotopic. Our results yield the
analogue for plumbing of real/complex/quaternionic projective spaces (of any dimension).
Corollary 5.10. Let X :“ T ˚APn#AP`T ˚APn be a clean plumbing, A P tR,C,Hu along a
projective sub-space AP` Ă APn. Each Lagrangian core Ki – APn of X defines a smooth
isotopy class which contains associated infinitely many symplectic isotopy classes of Lagrangian
projective spaces.
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Proof. Let K1,K2 – APn Ă X be the two Lagrangian cores of the plumbing. Then by the
inequality given by the Gysin sequence (4.16) and Lemma 5.7 :
lim
sÑ8 rank HFpK1, τ
s
K2K1q “ 8.(31)
The results follows from Theorem 2.8. 
Remark 5.11. For a plumbing of two-dimensional spheres in a symplectic manifold M , Hind
proved ([Hin12, Theorem 5]) that for any Lagrangian sphere L Ă M , there is a composition
of Dehn twists τ (a word in τL1 , τL2) such that τpLq is isotopic to one of the cores L1 or L2.
The insights given by this paper (especially Section 8) suggest that there is no high dimensional
generalisation to Hind’s result. Namely, by Corollary 8.18, there are dimensions n ą 1 for which
pi0pSympctpT ˚CPnqq admits exotic elements that are not isotopic to the standard projective twist
τCPn, so it is unlikely that any Lagrangian projective space of T
˚CPn1 #ptT ˚CPn2 is isotopic to
an image of one of the cores under a composition of (standard) projective twists τCPn1 , τCPn2 .
6. Products of Dehn twists
The second part of the paper, dedicated to positive products in general Liouville manifolds–
addressing Question 1 (b)–begins here. The present section covers our findings about Dehn
twists (along Lagrangian spheres). The results about projective twists (along Lagrangian
projective spaces) will be proved in Section 7. We’ll work in the setting of Liouville domains
instead of Liouville manifolds throughout the section.
We start by analysing products of (positive powers of) Dehn twists in Liouville domains. In
Section 6.1 we re-prove a theorem by Barth-Geiges-Zehmisch (Theorem 3) asserting that no
product (of positive powers) of Dehn twists is ever isotopic to the identity in the symplectic
mapping class group of a Liouville manifold/domain. We provide an alternative proof that
was suggested by Paul Seidel. The proof is based on symplectic Picard-Lefschetz theory, in
particular the existence of Floer theoretical invariants of a Lefschetz fibration given by “counting
holomorphic sections”. Using similar tools, we then prove Theorem 4, which can be interpreted
as a relative version of Theorem 3. A Liouville domain pM,ωq containing Lagrangian spheres
and a cylindrical Lagrangian disc T (Definition 6.8) intersecting one of the spheres at a point
cannot admit a positive product of Dehn twists preserving the Lagrangian up to compactly
supported symplectic isotopy. Note that this relative statement implies the original of Theorem
3, so it provides a strictly stronger result.
In the absolute setting of Theorem 3, we are not able to obtain information about the functors
associated to the Dehn twists. In the relative case however we can implement the geometrical
result by using a version of partially wrapped Fukaya category defined for Landau-Ginzburg
models. In Section 6.5 we prove that the action of Dehn twists on T , as an object of this
wrapped category, is not trivial.
6.1. Product of Dehn twists: [BGZ19] revisited. In this section we focus on the behaviour
of Dehn twists in Liouville domains, and (re)obtain some results that will be helpful in analysing
the projective analogue in Section 7.
The first Theorem can be found in [BGZ19], and the original proof is given using the theory of
open book decompositions.
Theorem 6.1. Theorem 3 [BGZ19, Theorem 1.4] Let pM,ωq be a Liouville domain,
L1, . . . , Lm Ă M Lagrangian spheres and φ P SympctpMq a positive word in tτLiuiPt1,...,mu.
Then φ cannot be isotopic to the identity in pi0pSympctpMqq.
Example 6.2. The exactness condition of Theorem 3 is necessary; a priori, a positive word of
Dehn twists could (symplectically) be isotopic to the identity, as the following examples show.
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(a) Consider the two torus M :“ T 2, and let a, b Ă M be representatives of the two
homological generators (i.e a meridian and an equator). Then the associated Dehn
twists satisfy pτaτbq6 “ Id. This is a classical result (see e.g [FM11]).
(b) Let pM :“ S2ˆS2, ωS2‘ωS2q, and consider the antidiagonal ∆ :“ tpx, yq P S2ˆS2|x`
y “ 0u Ă M . Then the Dehn twist τ∆ defines an involution px, yq ÞÑ py, xq, which
implies τ2∆ “ Id in SympctpMq (see [Sei08b, Example 2.9]).
Example 6.3. The outcome of Theorem 3 is strictly geometric, and may not hold for the compact
Fukaya category. Consider a punctured torus M :“ T 2zt˚u (the same applies to a punctured
genus g surface), and the two (Lagrangian) circles a and b, representatives of the homological
generators. In the closed case, the composition pτaτbq6 is the identity by the example above.
In the punctured torus, there is a relation pτaτbq6 “ τd , where τd is the Dehn twist along
the boundary curve d encircling the puncture (this is a consequence of the chain relation, see
[FM11, Proposition 4.12]). But since any exact compact circle in M has support disjoint from
τd, τd “ pτaτbq6 still acts as the identity on objects of the compact Fukaya category FukpMq.
6.2. Alternative proof of Theorem 3. Let φ “ śki“1 τLji , ji P t1, . . . ,mu the word in
positive powers of Dehn twists in the given collection. The argument for the proof relies on
the count of pseudo-holomorphic sections of the Lefschetz fibration constructed from the data
tM, pLj1 , . . . Likqu. For background on Lefshetz fibrations, we refer the reader to [Sei08a, Section
15]. In what follows we give an outline of the reasoning.
To simplify notation and be consistent with boundary conventions for exact symplectic Lefschetz
fibrations, we prove the version of the theorem where M is a Liouville domain. Use [Sei08a,
Section (16e)] to build an exact Lefschetz fibration (with open base) pi : pE,Ω, λEq Ñ pC, λCq
with smooth fibre a Liouville domain pM,ω, λM q, vanishing cycles the given Lagrangian spheres
Lji , and monodromy isotopic to the product φ P SympctpMq. Let j be the standard complex
structure on C. There is an almost complex structure JE on E with the following properties
(see [Sei03], Section 2.1).
(1) pi is pJE , jq-holomorphic, i.e Dpi ˝ JE “ j ˝Dpi and there is a complex structure J0 such
that JE “ J0 in a neighbourhood of Critppiq :“ tx P E|Dxpi “ 0u.
(2) The restriction Jvv :“ JE |M is an almost complex structure of contact type compatible
with the Liouville form λM .
(3) ΩXp¨, J ¨q is symmetric and positive definite.
The above choice of almost complex structure is not generic, but the space of compatible almost
complex structure for a fibration described above is contractible ([Sei03, Section 2.1]), and the
moduli spaces we consider still meet the usual regularity requirements ([Sei03, Section 2.2]).
We assume a strong condition of triviality of the horizontal boundary of a Lefschetz fibration
([Sei08a, Remark 15.2]) as follows.
(4) There is an open neighbourhood V 1 Ă DˆM of DˆBM , an open neighbourhood V Ă E
of BhE and a fibrewise diffeomorphism f : V 1 Ñ V such that
f˚pλEq “ λC ` λM , f˚pJEq “ pj, Jvvq.(32)
In order to have a notion of “vertical boundary”, despite the base being open, we set BvE to
be given by pi´1pCzDq, for a compact disc D Ă C. Note that we could also consider a fibration
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whose fibres have been completed, and smooth the corners to identify the total space with a
Liouville manifold.
Assume by contradiction that the product τL1 . . . τLm is isotopic to the identity. Then the
fibration built from the above data has monodromy isotopic to the identity, and a choice of
isotopy φ » Id can be used to extend pi to a Lefschetz fibration pˆi : Eˆ ÝÑ CP1 satisfying
p1q ´ p4q. This involves extending the fibration over zˆ P C, setting pˆi´1pzˆq – M and using the
isotopy to glue this compactification fibre in a compatible way.
Let
MJE “
!
u : CP1 Ñ Eˆ, pi ˝ u “ idCP1 , JE ˝Du “ Du ˝ j
)
(33)
be the moduli space of closed pJE , jq´holomorphic sections of the extended fibration Eˆ. We
can adapt the argument of [Sei03, Lemma 2.3, 2.4] to the case of closed curves to show that for
our choice of almost complex structure JE , the moduli space MJE is a compact manifold.
This is possible as the both smooth fibre and the total space are exact, so a Gromov compactness
argument is sufficient to prove compactness. The moduli space has a non-empty boundary, but
this does not pose a problem, as the only sections reaching the boundary must be constant
sections.
Lemma 6.4. The space MJE is not empty, it contains a constant pJE , jq´holomorphic section
s : CP1 Ñ Eˆ. Moreover, for any choice of compatible almost complex structure JE, there is a
compact subset K Ă EzBhE such that for all u PMJE , either Impuq Ă K, or u is a constant
section.
Proof. Let q P V a point in a neighbourhood BhEˆ Ă V of the horizontal boundary as in p4q.
The trivialisation of a this neighbourhood delivers a constant section s : CP1 Ñ Eˆ with spzq “ q
for all z P CP1, which can be made regular (for the almost complex structure in the shape of
(32)), so MJE is not empty. The rest of the proof follows from a maximum principle (see [Sei03,
Lemma 2.2]). 
Lemma 6.5. There is at least one holomorphic section s PMJE passing through each point of
a generic fibre M .
Proof. The proof is a standard cobordism argument involving Gromov’s compactness theorem
and exactness of the fibres and the total space of E (no bubbling can occur).
Lemma 6.6. The map induced by the evaluation map
(34)
MJE ˆ CP1 ÝÑ Eˆ
pu, zq ÞÝÑ evzpuq “ upzq.
is surjective.
We can use the lemma above to conclude the proof of Theorem 3.
Proof of Theorem 3. Consider the following commuting diagram:
MJE ˆ CP1 ev //
pr2
%%
Eˆ
pˆi

CP1
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where pr2 : MJE ˆ CP1 Ñ CP1 is the projection in the second component.
Let x P Critppiq Ă Eˆ be any point in the critical set. By the surjectivity of the evaluation map
there is a pair pu,wq PMJE ˆ CP1 such that upwq “ x, so that w P CP1 is the critical value
associated to x. From the diagram we can write
Dpu,wqppr2q “ Dpu,wqppˆi ˝ evq
Dpu,wqppr2q “ DxpˆiDpu,wqpevq
As x is a critical point, Dxpˆi “ 0. But this generates a contradiction as the surjectivity of
Dpu,wqppr2q would force Dpˆi to have trivial kernel. This is not possible as E has k critical
points. This completes the proof. 
Corollary 6.7. There is no exact Lefschetz fibration with global monodromy symplectically
isotopic to the identity, except for the trivial fibration.

6.3. The relative case, geometric version. In the situation of Example 6.10, we sharpen
Theorem 3 to obtain a relative version in which we detect the non-trivial action φ on a cylindrical
Lagrangian disc. (for Example, in 6.10, the cotangent fibre).
Definition 6.8. Let pM,ωq be a Liouville manifold with Liouville vector field ZM . A Lagrangian
submanifold L ĂM is said to be cylindrical if it is an exact, properly embedded Lagrangian which
is preserved by ZM .
Theorem 6.9 (Theorem 4 (a)). Let pM,ωq be a Liouville domain, L1, . . . , Lm ĂM embedded
Lagrangian spheres, and φ P SympctpMq a positive word in tτLiuiPt1,...,mu. Assume that there is
a cylindrical Lagrangian T intersecting Lj transversely at p P Lj, where j P t1, . . .mu, and φ
involves τLj . Then φpT q is not isotopic to T (via compactly supported symplectic isotopy).
Example 6.10. For example, Theorem 4 applies to a (multi-)plumbing of spheres of the form
M :“ T ˚Sm#ptT ˚Sm#ptT ˚Sm ¨ ¨ ¨#ptT ˚Sm
(an iteration of the plumbing construction). Let T be a cotangent fibre of the j-th T ˚Sn-
summand. The theorem implies that any product of positive Dehn twists along Lagrangian
cores (involving the j-th sphere) produces a symplectomorphism which cannot preserve T up
to symplectic isotopy.
We prove the statements of Theorem 4 in the equivalent version where M is a Liouville domain
and T ĂM is a Lagrangian disc thimble, with the given properties. Under the assumptions of
the theorem, we show that if φpT q » T , via a compactly supported isotopy then j R t1, . . . ,mu.
Using φpT q » T and the fact that for all r ‰ j, T X supppτLrq “ H, we obtain
τLrφτ
´1
Lr
pT q – T for any r ‰ j(35)
Write φ “śjkj1 τLji such that j` “ j. Conjugating iteratively (35), we can construct symplecto-
morphisms of the form
φp “ τLj` τLj``1 ¨ ¨ ¨ τLjk τLj1 ¨ ¨ ¨ τLj`´1
φu “ τLj``1τLj``2 ¨ ¨ ¨ τLjk τLj1 ¨ ¨ ¨ τLj`
with φupT q » φppT q » T . Then
φp ˝ φupT q “ τLj``1 ¨ ¨ ¨ τLk . . . τLj` τLj` ¨ ¨ ¨ τLk . . . τLj`´1pT q » T.
For simplicity, relabel the indices such that
φp ˝ φupT q “ τq1 ¨ ¨ ¨ τq2k .
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Using the same conventions as in the last section, build a Lefschetz fibration pi : E Ñ C
associated to the data pM, pLq1 , . . . , Lq2kqq. Let Critvppiq :“ twq1 , . . . , wq2ku be the set of critical
values, fix a basepoint z˚ P C, <pz˚q " 0 identifying the smooth fibre pi´1pz˚q –M and choose
a distinguished basis of vanishing paths pγq1 , . . . , γq2kq (in the sense of [Sei08a, (16d)]). For
i “ q1, . . . q2k, the paths γi : R` Ñ C satisfy γqip0q “ wqi and the fibres limtÑ8pi
´1pγqiptqq are
(symplectically) identified with the smooth fixed fibre pi´1pz˚q – M via symplectic parallel
transport. The corresponding collection of vanishing thimbles is the set of unique Lagrangian
submanifolds p∆γq1 , . . . ,∆γq2k q Ă E which project to pγq1 , . . . , γq2kq under pi. The given set
of Lagrangian spheres pLq1 , . . . , Lq2kq Ă M is identified with the set of framed exact spheres
Vi :“ ∆i X pi´1pz˚q, i “ q1, . . . , q2k.
Figure 1. The matching matching path γj associated to Sj and the loop σ.
By construction, two of the critical values wqk , wqk`1 P Critvppiq are associated to the same
vanishing cycle Lj , so there is a matching path δj : r0, 1s Ñ C with δjp0q “ wqk , δjp1q “ wqk`1 ,
whose parallel transport is a Lagrangian matching sphere Sj – Sn`1 Ă E ([Sei08a, (16g)])
associated to Lj .
Let σ : S1 Ñ C be a loop on the base, encircling the first k critical values, so that by the Picard
Lefschetz formula, the monodromy around σ is given by the product φu (up to conjugation, this
is isotopic to the original φ). The Lagrangian disc T can be (parallel) transported along σ to
build a Lagrangian Pσ Ă E of the total space. The latter can be trivialised to S1 ˆBn, where
Bn – T is an n-dimensional disc ([Sei03, Section 1.1]).
Lemma 6.11. The Lagrangian Pσ defines a nontrivial class in Hn`1pE, BEq, where BE is the
“boundary” of E, obtained after smoothing the corners of BhE Y pi´1pCzDq.
Proof. The matching sphere Sj and the disc Pσ are properly embedded Lagrangian submanifolds
meeting transversely at the point p P Lj lying over the intersection between σ and the matching
path associated to Sj . Their homological intersection, which is the image of a non-degenerate
pairing
Hn`1pE;Zq ˆHn`1pE, BE;Zq Ñ Z
is one, so in particular Pσ represents a non trivial homology class in Hn`1pE, BEq. 
6.4. Proof of Theorem 6.9. The idea for the proof of Theorem 4 is based on a section-count
which follows the same principles of Section 6.2. In this context however, we consider pseudo-
holomorphic sections of E|D, where D Ď C is the disc bounded by σ, definining boundary
conditions for E|D on Pσ. After trivialising the fibration in a neighbourhood of the horizontal
boundary BhE, there is an almost complex structure J˜ which in a neighbourhood of BhE has
the shape Jvv ˆ j as in (32). Consider sections s : D Ñ E satisfying
(1) pipupzqq “ z,
(2) upBDq “ upImpσqq Ă Pσ,
(3) Dupzq ` J˜puq ˝Dupzq ˝ j “ 0.
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The Lagrangian Pσ is fibred by copies of the exact Lagrangian T Ă M , and determines a
Lagrangian boundary condition in the sense of [Sei08a, (17a)], except that it is not disjoint
from the horizontal boundary Pσ X BhE ‰ 0. Despsite this discrepancy, the moduli space
MJ˜pE,Pσq of pseudo-holomorphic sections u : D Ñ E with p1q ´ p3q still satisfies regularity
and compactness properties.
For regularity, we show that the “non-compact” elements (those sections reaching the horizon-
tal boundary) of MJ˜pE,Pσq are regular. We do this by showing that such sections must be
constant–and the constant section can be made regular, as the almost complex structure is
product-like near BhE. For all the other holomorphic sections wholly contained in the compact
region, a perturbation argument as in [Sei03] applies.
Lemma 6.12. Assume there is a J˜-holomorphic section u : D Ñ E with boundary condition
upσq Ă Pσ, but such that upBDq “ upσq is not fully contained in PσXBhE. Then u is a constant
section.
Proof. Suppose that for t1, t2 P r0, 1s, there are z1 “ σpt1q, z2 “ σpt2q P BD such that upz1q P
PσzpPσ X BhEq and upz2q P Pσ X BhE. Then for the length function ` : Impuq Ñ R` we have
`pu|σprt1,t2sqq ă `pu|BDq, and the latter satisfies an reverse isoperimetric inequality `pu|BDq ď
apuq, where a is the area (this follows by [GS14, Theorem 1.4], as both the total space E and
the Lagrangian Pσ Ă E have “bounded geometry” since they are cylindrical at infinity, see also
[GPS19, Lemma 2.43]). Because of exactness, all sections u : D Ñ E are bounded by a fixed
upper bound apuq “ A, so the above implies `pu|σprt1,t2sqq ă A is bounded by the area. But
as upz2q P BhE and upz1q on the other hand lies in the interior, the length `pu|σprt1,t2sqq can be
made arbitrarily large by stretching a neighbourhood of the boundary. That would produce a
contradiction. 
The above results imply that the only possible scenario left to consider for a non-constant
section with boundary condition on Pσ, is to be entirely contained in the horizontal boundary
of the fibration. This option can be discarded too, as the next lemma shows.
Lemma 6.13. Let u : D Ñ E be a J˜-holomorphic section such that Impuq Ă BhE. Then u is a
constant section.
Proof. Assume there is a non-constant section u : D Ñ E such that Impuq Ă BhE. Identify
(via a trivialisation as in (32)) a neighbourhood of BhE Ă V Ă E with a nieghbourhood
Dˆ BM Ă V 1 Ă DˆM , and project the image of u to the fibre M . Then the section defines a
non-constant J˜-holomorphic disc u : pD, BDq Ñ pM,T q, which is not possible by the exactness
assumptions on M . 
We now prove that there are no compactness issues. The moduli space MJ˜pE,Pσq has one
non-compact end, but by the regularity discussion above, the only sections reaching that end
are the constant. Furthermore, MJ˜pE,Pσq is well-behaved in the following sense.
Lemma 6.14. The evaluation map
ev : MJ˜pE,Pσq ˆD ÝÑ E(36)
pu, zq ÞÝÑ upzq
(i) is proper
(ii) restricts to a surjective map MJ˜pE,Pσq ˆ BD ÝÑ Pσ of degree one.
Proof. (i) This property is equivalent to the fact that every sequence of sections tukukPN
in MJ˜pE,Pσq whose image under ev lies in a relatively compact set of E has a convergent
subsequence. This holds as a consequence of the Gromov’s compactness theorem. Namely,
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if the image of such a sequence is contained in a compact set, then there is an energy upper
bound common to all the elements in the sequence. Then Gromov’s theorem implies that tukuk
admits a subsequence converging to a stable map, which, in the absence of bubbles, can only
be another section.
(ii) To prove the second point, we show the algebraic count of sections through every point of
Pσ is one. Let q P BhEXpi´1pσq be a point lying on the boundary of a fibre over σ “ BD. Then,
as φ is compactly supported in a neighbourhood of the vanishing cycles, the monodromy around
σ preserves q. Let s : D Ñ E be the constant section with spzq “ q for all z P D. Through
each point y P Pσ there is a representative of the homology class of the constant section, rss.
To show this, we define
MJ˜pE,Pσqy :“ tu : pD, BDq Ñ pE,Pσq satisfies p1q, p2q, p3q, passes through y and rus “ rssu.
This space is compact manifold, see [Sei03, Lemma 2.1, 2.3,2.4]. Compactness also implies
that for every y P Pσztpu, the moduli space MJ˜pE,Pσqy is cobordant to the moduli space
MpE,Pσqq of sections at q P BhE (which only contains one element, the constant section).
Therefore, through each point of Pσ there is algebraically a unique section in MJ˜pE,Pσq, so
that the restriction MJ˜pE,Pσq ˆ BD ÝÑ Pσ is surjective and of degree one. 
Proof of Theorem 4 (a). Under the assumption that φpT q » T we have proved that Pσ rep-
resents a non-trivial class in Hn`1pE, BEq (Lemma 6.11). The same assumption however also
yields Lemma 6.14, which in particular implies that ev˚pMJ˜pE,PσqˆBDq “ rPσs P Hn`1pE, BEq
is realised as the boundary of the chain ev˚pMJ˜pE,Pσq ˆDq P Cn`2pE, BEq. This is a contra-
diction, which concludes the proof. 
6.5. The relative case, categorical version. In the following sections we prove Theorem
4 (b), which is the algebraic analogue of the first part (a). As before, the argument revolves
around a Lefschetz fibration constructed from the data given by the theorem. The suitable
types of Fukaya categories to use in this context, both for the fibre and the total space, are
partially wrapped Fukaya categories.
Theorem 6.15 (Theorem 4 (b)). Let pM,ωq be a Liouville domain containing embedded La-
grangian spheres L1, . . . , Lm and a cylindrical Lagrangian disc T , intersecting one of the spheres
Lj , j P t1, . . . ,mu exactly once. Let φ P SympctpMq be a positive word in tτLiuiPt1,...,mu. Letting
Λ :“ BT , and F be the Liouville thickening of Λ, conisder the partially wrapped Fukaya category
WpM,F q. Up to quasi-isomorphism in WpM,F q, the auto-equivalence induced by φ does not
act trivially on T P ObpWpM,F qq.
Example 6.16. Let M :“ T 2zt˚u be the punctured torus, and fix a hypersurface of the boundary
Λ Ă BM (i.e a set of points) obtained as the boundary of an open curve on M intersecting a
and/or b. Then, the functors induced by the Dehn twists τa and τb cannot satisfy any positive
relation inside WpM ;F q, where F is the Liouville thickening of Λ.
6.5.1. Fibre. Let pM,ωq be a Liouville domain, pBM,αq its contact boundary, and ZM the as-
sociated Liouville vector field. Let T Ă M be a cylindrical Lagrangian, i.e exact, properly
embedded and preserved by ZM . Consider the Legendrian Λ :“ BT Ă BM and use the Leg-
endrian neighbourhood theorem to ‘thicken’ it (see e.g [EM02, Section 9.6]) into a Liouville
hypersurface, i.e namely a (real) codimension 2 submanifold F Ă M such that pF, α|F q is a
Liouville domain ([Syl19, Example 2.8]).
Definition 6.17. [Syl19, Definition 3.4] Given two cylindrical Lagrangian submanifolds L,K Ă
MzF , there is a partially wrapped Floer complex pCWF˚ pL,Kq, Bq, obtained from a filtration on
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the (usual) wrapped cochain complex CW ˚pL,Kq. This filtration is determined by the intersec-
tion number between the Reeb chords of CW ˚pL,Kq and F . Then the 0th filtered part (i.e the
Reeb chords which do not cross F ) generates the subcomplex CWF˚ pL,Kq Ă CW ˚pL,Kq.
There is an A8-category, denoted by WpM,F q called the partially wrapped Fukaya category,
whose objects are cylindrical Lagrangians L Ă M such that L X F “ H, and morphisms the
cochain groups CWF˚ pL,Kq. For exhaustive definitions related to this category, we refer the
reader to [Syl19, Sction 3.1]).
6.5.2. Total space. The proof of the theorem requires to implement a categorical argument using
Lefschetz fibration-type invariants, so we need to combine the partially wrapped category of
the fibre WpM,F q with a suitable version of wrapped Fukaya category for the total space; we
choose a Landau-Ginzburg type category LGpE, piq.
The A8-category LGpE, piq is meant to be tailored for Langau-Ginzburg models but it is not
yet fully established in the literature. The proof we give is therefore subject to the existence
and well-definedness of this category, whose construction is still in progress ([AG]). We refer to
[AS19, Appendix A] for a brief exposition, and below we restrict our discussion to the definition
of objects and morphisms of this category.
Definition 6.18. A properly embedded exact Lagrangian submanifold L Ă E is called admissible
if outside of a compact set K Ă E, the projection pipLzpLXKqq is a union of k half rays parallel
to the positive real axis of the base. To each admissible Lagrangian L one can associate a
tuple of real numbers hpLq “ ph1, . . . , hkq keeping track the height of each half-ray. Given two
admissible Lagrangians L,L1 with k1 and k2 ends respectively, we say that hpLq ą hpL1q if
min
iPt1,...,k1u
hipLq ą max
jPt1,...,k2u
hipL1q.
Given two admissible Lagrangians L,L1 Ă E, their partially wrapped Floer cohomology (with
Z{2Z coefficients and relative Z{2Z gradings, to avoid including extra data) is given as the
cohomology of the cochain complex
CFL˚GpL,L1q :“ CF˚pχεpLq,L1q,
where ε ą 0 is chosen such that hpχ˜εpLqq ą hpL1q. The perturbation χε is called ‘admissible
bending’ and it is defined as follows.
Definition 6.19. For a point in the base z P C, we let x :“ <pzq, y :“ =pzq. Fix c, c1 ą 0. Let
ε ą maxi |hipLq ´ hipL1q|, and define a map Hε P C8pC,Rq satisfying
(37)
Hεpxq “ 0 x ă c
H 1εpxq “ ε x ą c` c1.
Define the Hamiltonian vector field Xε “ H 1εpxqBy, and call its time-1 flow χε. Then an “ad-
missible bending” is a lift χ˜ε of χε to the total space.
The admissible Lagrangians are orientable, so the complex CF˚pL,L1q is endowed with a natural
relative Z{2Z-grading. The degree of an element generating CF˚pL,L1q is given by the rela-
tive sign of the intersection LεXL1 at the corresponding intersection point ([Sei00, Section 2.b]).
The Floer differential is defined as usual as the count of solutions of the (perturbed) Floer
equation (with respect to a cylindrical almost complex structure as in Section 6.2) with
boundary conditions on pχεpLq,L1q.
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Figure 2. Two admissible Lagrangians L,L1 before (left) and after (right) an
admissible perturbation of L.
Given two intersection points p´, p` P C pL,L1q (or C pχεpLq,L1q), let Mpp´, p`; JEq be the
moduli space of (unparametrised) solutions u : Rˆr0, 1s Ñ E to the (perturbed) Floer equation
with Lagrangian and asymptotic conditions
ups, 0q Ă L, ups, 1q Ă L1.
lim
sÑ˘8ups, tq “ p˘.
and for p P C pL,L1q, we set Bp “ řηPC pL,L1q 7Z{2ZMpη, ζ; JEq ¨ η, for JE an almost complex
structure making pi a pJE , jCq-holomorphic projection. Normally the Floer equation would
be written including a generic 1-parameter family pJtqtPr0,1s of almost complex structures.
However the choice of JE such that the projection is pJE , jCq-holomorphic, is not generic.
Therefore, such a family pJtqtPr0,1s has to be slightly perturbed, and for small perturbations the
arguments below still hold.
Despite L,L1 being two Lagrangians with cylindrical ends, the moduli spaces of curves
Mpζ´, ζ`; JEq are nevertheless compact, as we now explain. First recall the thimbles are nec-
essarily disjoint from the horizontal boundary BhE (as every vanishing cycle is), and so is every
intersection point in C pL,L1q. Near BhE, the almost complex structure becomes product-like,
and a maximum principe in the fibre implies the Floer solutions cannot reach the horizontal
boundary.
For compactness in the base direction, we proceed as follows. By exactness, the action
functional gives a common upper bound for the energy of the curves in these moduli spaces, so
Gromov compactness applies (and there is no bubbling, again by exactness); JE-holomorphic
curves cannot escape the domains bounded by the pair pL,L1q. As pi is pJE , jCq-holomorphic,
the open mapping theorem forces JE-holomorphic curves bounded by pL,L1q to project to
holomorphic curves bounded by pγ0pR`q, γ1pR`qq, and no non-trivial strip in the total space
can project to an open domain in the base.
There is an A8-category LGpE, piq, which is a Landau-Ginzburg category for the fibration
pi : E Ñ C ([AS19, A.4], [AG]), whose objects are admissible Lagrangians, and morphism
spaces the Floer cochains HomLGpL,L1q “ CFLGpL,L1q.
6.6. Trivial object of the partially wrapped Floer groups in the total space (sketch).
The idea behind the proof of Theorem 4 is to construct a non-trivial object L P ObpLGpE, piq
satisfying HomLGpL,Lq “ 0, a contradiction. Due to the lack of bibliographical references, this
proof is a sketch.
From the data ppM,ωq, tL1, . . . , Lmuq of Theorem 4 we construct a Lefschetz fibration pi : E Ñ C
with base point z˚ P C, smooth fibre pi´1pz˚q symplectomorphic to pM,ωq and monodromy
φ P SympctpMq. Let T Ă M the ‘cylindrical’ Lagrangian of the statement of the theorem,
intersecting exactly one of the spheres Lj (j P t1, . . . ,mu) transversely at one point. Moreover,
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as before, we let Λ :“ BT Ă BM be the Legendrian boundary and consider its thickening into a
Liouville hypersurface F ĂM .
Let σ : p´8,8q Ñ C be an admissible path with “two ends”
Dλ˘ P R, lim
tÑ˘8σptq P tz P C| =pzq “ λ˘u
encircling a compact region containing all the critical values, with lim
tÑ`8σptq “ z˚. Given a
copy of T Ă pi´1pz˚q define L Ă E to be the admissible Lagrangian fibred over σ, obtained as
the union of points in pi´1pσq which flows into T under clockwise parallel transport along σ.
This operation yields a functor ([AS19, A.8])
D : WpM,Fq ÝÑ LGpE, piq(38)
called the Orlov functor.
For ε ą 0, consider an admissible bending Lε :“ χεpLq as in Definition 6.19 associated to a push-
off path σε. The Lagrangians Lε and L meet in the fibres over the intersection σεXσ “ tζ`, ζ´u.
Their intersection is determined by the pairs pT, T q Ă pi´1pζ´q and pφ´1pT q, T q Ă pi´1pζ`q.
The fibration can be trivialised in a neighbourhood of each intersection point ζ˘ to a fibration
of the shape
M ˆ pR˘ ˆ r0, 1sq Ñ R˘ ˆ r0, 1s.(39)
There is a unique compact region S Ă C bounded by σ and σε and such that, under the
trivialisations (39), the punctured surface Sztζ´, ζ`u has strip-like ends at pζ´, ζ`q. Then the
Lagrangian pair pLε,Lq defines a moving Lagrangian boundary condition on pi|S with strip like
ends ([Sei08a, Section (17b)]) interpolating between pTζ´,0, Tζ´,1q “ pT, T q and pTζ`,0, Tζ`,1q “
pφ´1pT q, T q.
Figure 3. The admissible Lagrangian L and its pushoff.
Then moduli space Mpζ´, ζ`; JEq of pJE , jq-holomorphic curves defining the differential for the
complex CFpLε,Lq, contains no multiply-covered element (S forms a simply connected domain
so this follows by the open mapping theorem) and can be identified with the moduli space of
sections u : Sztζ`, ζ´u Ñ E
(1) pipupzqq “ z,
(2) Dupzq ` J˜puq ˝Dupzq ˝ j “ 0.
(3) upBSztζ`, ζ´uq Ă pTζ,0, Tζ,1q, ζ P tζ´, ζ`u.
(4) In the trivialised neighbourhood of each end, u can be trivialised as u˜ : R˘ˆr0, 1s Ñ E,
and satisfies lim
sÑ˘8 u˜ps, ¨q “ pζ˘ where pζ˘ P pi
´1pζ˘q X C pLε,Lq
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The complex CF˚pLε,Lq is generated as
CF˚pLε,Lq – CF˚pT, T q ‘ CF˚`1pφ´1pT q, T qq.(40)
The orientation choices (see Figure 3) force one of the summands in (40) to have a degree one
shift.
Figure 4. Deformation of the configuration space for the moduli space of
pseudo-holomorphic sections over the punctured region Sztζ´, ζ`u.
Lemma 6.20. If φpT q » T in WpM,F q, then L defines a trivial object in the category LGpE, piq.
Proof. As φpT q » T in WpM,F q, CFpφ´1pT q, T q » CFpT, T q and (after Hamiltonian pertur-
bation) each summand of the complex (40) is generated by a single element, the unit element
eT P HF0pT, T q.
By the observations above the Floer differential can be computed via the invariant ([Sei08a,
(17b)])
CΦE{T : CFpT, T q Ñ CFpφ´1pT q, T q(41)
defined as the algebraic count of pseudo-holomorphic sections satisfying p1q ´ p4q. This is
represented by a distinguished Floer cochain ξ P CF˚pT, φ´1pT qq, ξ “ µ2pξ, eT q, where eT is the
generator (in degree zero) of CFpT, T q, and
µ2 : CFpφ´1pT q, T q b CFpT, T q Ñ CFpφ´1pT q, T q(42)
is the Floer product (this follows from a deformation argument as in [Sei08a, (17d)]). The class
eT represents the invariant associated to the count of sections over the trivial strip, which is
one. Then, the differential is fully encoded in the class ξ, which defines a continuation map
CFpT, T q Ñ CF˚pφ´1pT q, T q, which is an isomorphism, so B : CF˚pLε,Lq Ñ CF˚`1pLε,Lq is
an isomorphism. It follows that HF˚pLε,Lq “ 0, and the object L is trivial in the category
LGpE, piq.
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6.7. Proof of Theorem 4 (b). From the data pM, pL1, . . . , Lmqq, build a Lefschetz fibration
pi : E Ñ C with basepoint z˚, basis of vanishing paths pγ1, . . . , γmq and associated basis
of Lagrangian vanishing thimbles p∆1, . . . ,∆mq whose vanishing cycles are identified with
pL1, . . . , Lmq following the conventions of Section 6.3. Then the total monodromy of pi is
isotopic to the product τL1 ¨ ¨ ¨ τLm .
Figure 5. The path σ associated to the admissible Lagrangian L and the van-
ishing path γj of the vanishing thimble ∆j .
Lemma 6.21. Let ∆j be the Lefschetz thimble associated to the Lagrangian sphere Lj over
the vanishing path γj : r0,8q Ñ D starting at a critical value γjp0q “ wj and intersecting γj
transversely at one point. This thimble defines a non-trivial object of LGpE, piq for which it
holds HF˚pL,∆jq ‰ 0.
Proof. The Lagrangians L and ∆j meet in the fibre over the intersection point σ X γj in the
base. In the fibre, they intersect as T XLj , at one single point. This intersection point defines a
non-trivial Floer cocycle as σ and γj define an open domain in the base, hence there can be no
holomorphic disc projecting to it. The fibre is exact, so there too there can be no disc bubbling
off the intersection point. Hence HF˚pL,∆jq ‰ 0. 
Proof of Theorem 4. Lemma 6.20 and Lemma 6.21 are in direct contradiction. 
7. Products of projective twists
We continue the investigation on positive products of twists in Liouville manifolds/domains,
this time focussing on projective twists. Ideally, one would try to generalise as many results
from Section 6 to this situation.
The previous section heavily relied on the link between Dehn twists and Lefschetz fibrations,
and many constructions we used depended on section count invariants of Lefschetz fibrations.
Perutz showed in [Per07] that fibred twists admit a representation as monodromy of a certain
class of fibrations, called Morse-Bott-Lefschetz (MBL) fibrations. Projective twists can be
thought of as an example of S1-fibred twists, so we could envisage extending the mechanisms
behind the proof for the spherical case to the setting of MBL fibrations (following [Per07] and
[WW16]) to show the analogous statement for projective twists.
Question 1. Let ϕ P SympctpXq be a non-empty composition of positive powers of projective
twists on a Liouville manifold pX,ωq of dimension at least four. Can ϕ be isotopic to the identity
in SympctpXq?
Unfortunately, the section-count strategy presents a route filled with obstacles; the central
problem being the lack of compactness of moduli spaces of sections of MBL fibrations. The
critical locus Critppiq of such a fibration is a compact submanifold of the total space, and in
general contains rational curves. The total space of a MBL fibration associated to a projective
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twist cannot be made into an exact symplectic manifold, so bubbling phenomena become an
issue (when considering moduli spaces of pseudo-holomorphic sections).
Inspired by the Hopf correspondence, our idea remains to translate a situation involving pro-
jective twists into one involving Dehn twists, and use the geometric commutative diagrams
of Section 3. To ensure the applicability of the Hopf correspondence, we have to impose the
restrictions given by Assumptions A, B (1,2 below): given a set tK1, . . .Kmu of Lagrangian
(1) Complex projective spaces in a symplectic manifold pX4n, ωq, assume there is α P
H2pX;Zq such that for all i “ 1, . . .m, α|Ki generates H˚pKi;Zq.
(2) Real projective spaces in a symplectic manifold pX2n, ωq, assume there is α P
H1pX;Z{2Zq such that for all i “ 1, . . .m, α|Ki generates H˚pKi;Z{2Zq.
7.1. A version of [BGZ19] for projective twists. For the remainder of Section 7, we will
rephrase our discussions in terms of Liouville domains.
Theorem 7.1 (Theorem 5). Let pX4n, ωq be a Liouville domain containing Lagrangian complex
projective spaces K1, . . .Km, Ki – CPn, and a class α P H2pX;Zq satisfying Assumption A.
Let ϕ P SympctpXq be a positive word of Projective twists tτKiuiPt1,...,mu. Then ϕ is not isotopic
to the identity in pi0pSympctpMqq.
Remark 7.2. Interesting cases of Lagrangian embeddings of CPn can be found in some hy-
perka¨hler manifolds. An relevant set of Lagrangian CPn is given by “vanishing projective
spaces”, a construction akin to vanishing cycles (spheres) ([Man07]).
Let pX,ωq be the Liouville domain of the statement, with Lagrangians Ki – CPn and the class
α P H2pX;Zq restricting to a cohomology generator of each Ki. By Lemma 3.2, there is a
Liouville domain pY,Ωq with Lagrangian spheres L1, . . . , Lm Ă Y obtained as unit spheres in
the tautological line bundle over the projective Lagrangians K1, . . . ,Km Ă X. In particular,
q : Y ÝÑ X is a symplectic fibre bundle, admitting a connection 1-form that defines a symplectic
decomposition TY “ kerpdqq ‘ q˚pTXq.
To continue the discussion, we recall a known fact about (symplectic) fibre bundles (see for
example [MS17], Sections 6.3-6.4).
Lemma 7.3. Consider a symplectic fibre bundle pF, σq ãÑ pM,Ωq Ñpi B with structure group
H Ă SymppF q. There is an associated principal bundle whose fibres are symplectic automor-
phisms f : F Ñ Fb with f˚σb “ σ, called the symplectic frame bundle P Ñ B. One can construct
another bundle, the (non-linear) adjoint bundle AdpP q, which is obtained as the bundle associ-
ated to P via the action of H on itself by conjugation. Then any fibre-wise symplectomorphism
φ of M such that pi ˝ φ “ IdB defines, for all b P B, an element of SymppFbq. This association
defines a section σ : B Ñ AdpP q.
Proof of Theorem 5. Assume there is an isotopy pϕtq0ďtď1 such that ϕ0 “ ϕ and ϕ1 “ Id.
It induces a family of vector fields V : X Ñ TX. The connection from proof of Lemma 3.3
defines a symplectic decomposition TyY “ kerpdqq‘ q˚pTXq, and Vt admits a horizontal lift V˜ ,
q˚pV˜ q “ V ˝ q, which is S1-invariant. The flow of V˜ defines a symplectic isotopy pφtq0ďtď1 from
φ :“ φ0 to φ1. Via diagram (11), it is clear that the lifted symplectomorphism φ P SympctpY q
is a composition of spherical twists.
We show that φ1, which covers ϕ1 “ Id, can only be the identity. Since φ1 comes from a
horizontal lift, if it was not the identity it would have to be a fibre-wise symplectomorphism
(and the non-trivial component should arise from the action on the vertical distribution of q).
Moreover, this vertical component should be compactly supported in the fibre direction
Lemma 7.3 indicates that we can identify φ1 with a section of the adjoint bundle sending each
x P X to an element of SymppC˚q » SymppT ˚S1q. The symplectic mapping class group is
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generated by Dehn twists along the zero section and rotations at the cylindrical ends, and as φ1
has to be compactly supported, the values of the section it defines have to lie in SympctpT ˚S1q »
Z. This implies that the section is a continuous mapping X Ñ Z from a connected space to a
discrete space, hence must be constant up to homotopy.
It remains to check that this constant is indeed the identity section. It suffices to consider x P X
lying outside of a compact set containing the support of ϕ (near the boundary BX); and outside
of its support, ϕ can only lift to the identity. So we have defined a map φ P SympctpY q which
is a composition of spherical Dehn twists isotopic to the identity, contradicting Theorem 3. 
Theorem 7.4. Let pX2n, ωq be a Liouville domain containing Lagrangian complex projective
spaces K1, . . .Km, Ki – RPn, and a class α P H1pX;Z{2Zq satisfying Assumption B. Let
ϕ P SympctpXq be a positive word in the subset of projective twists tτKiuiPt1,...,mu. Then ϕ is
not isotopic to the identity in pi0pSympctpMqq.
Proof. Let q : pX˜, ω˜q Ñ pX,ωq be the symplectic double cover and L1, . . . , Lm Ă X˜ Lagrangian
spheres obtained as double cover of K1, . . . ,Km Ă X. The composition of projective twists
ϕ P SympctpXq lifts to a composition of spherical Dehn twists φ P SympctpX˜q. Assume there
is an isotopy pϕtq0ďtď1 connecting the composition of projective twists ϕ0 “ ϕ to the identity
ϕ1 “ Id. The isotopy lifts to a family of compactly supported maps pφtq0ďtď1 in the double
cover X˜, where φ0 “ φ is the lift of ϕ. Then, φ1 covers the identity and can therefore only be the
identity or a deck transformation. But the latter type would define a non-compactly supported
symplectomorphism, hence φ P SympctpX˜q is a composition of Dehn twists in a Liouville domain
which is isotopic to the identity, contradicting Theorem 3. 
7.2. A relative result for projective twists. For the product of Dehn twists in the relative
situation (Sections 6.3 and 6.5), the geometric and algebraic statements (parts (a) and (b) of
Theorem 4) are obtained independently. For projective twists however, there is a geometric
statement for the symplectic mapping class group, but it is obtained as a by-product of the
stronger categorical result for the (partially wrapped) Fukaya category.
Theorem 7.5 (Theorem 6). Let pX4n, ωq be a Liouville domain containing Lagrangian pro-
jective embeddings K1, . . .Km – CPn, and α P H2pX;Zq a cohomology class satisfying con-
dition (2). Assume there is a cylindrical Lagrangian T intersecting one of the Lagrangians
Kj, j P t1, . . . ,mu exactly once. Let ϕ be a postive word in tτKiuiPt1,...mu, involving τKj . Let
Λ :“ BT , and WpX,F q the partially wrapped Fukaya category, where F is the stop defined by
Λ. Then the auto-equivalence associated to ϕ does not act trivially on T P ObpWpX,F qq up to
quasi-isomorphism in WpX,F q.
Remark 7.6. In this case, the isotopy-lifting argument used to prove Theorem 5 would not
enable us to reduce the above statement to the spherical case (if that was possible, then we
could conclude using Theorem 4). The problem here is that the Lagrangian disc T Ă X does
not lift to a Lagrangian disc in the space Y , but to a bundle T˜ :“ ν˚S1{Lj corresponding to the
conormal bundle of a circle in the Lagrangian sphere Lj Ă Y associated to Kj. The circle lies
over the intersection point T XKj, and is the locus where the Lagrangian T˜ meets the sphere
Lj. Homologically, this intersection has to be trivial, as the Euler class of the circle vanishes.
And any two Lagrangians of the total space, built via parallel transport of T˜ and the associated
vanishing cycle Lj, still intersect in that circle. If the intersection circle is homologically trivial
it is then impossible to obtain the analogue of Lemma 6.11.
We therefore give a proof which only adopts a categorical standpoint, following the strategy
and the setting of the second part of Theorem 4.
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Proof of Theorem 7.5. Construct the bundle q : Y Ñ X as in Lemma 3.3. Lift the Lagrangians
K1, . . . ,Km Ă X to their corresponding Lagrangian spheres L1, . . . , Lm Ă Y via q : Y Ñ X,
and consider the product φ :“ τL1 ¨ ¨ ¨ τLm , which can be seen as the lift of ϕ under p.
Consider the Lefschetz fibration pi : E Ñ C built from the data pY, L1, . . . , Lmq with smooth
fibre Y and total monodromy is the product of Dehn twists φ. Let T˜ Ă Y be the lift of the
disc T Ă X, defining the conormal bundle described above, and let F be the thickening of its
Legendrian boundary BT˜ Ă BY into a Liouville hypersurface.
Consider the partially wrapped Fukaya categories WpY, F q and LGpE, piq of the fibre and the
total space (from Section 6.5). Let L :“ DpT˜ q be the Orlov image of the Lagrangian T˜ , i.e
the Lagrangian embedded in the total space E obtained via parallel transport of T˜ along a
two-ended arc σ encircling the critical values (see Proposition 38). Let ∆j Ă E be the vanishing
thimble associated to Lj , fibred over a vanishing path γj .
As we use the same strategy, the discussion of Section 6.6 is still relevant and the proof we give
can only be a sketch subject to the theory involved in defining Landau-Ginzburg categories.
We show that L has the features of a non-trivial object in LGpE, piq (Lemma 7.7), but that
HomLGpE,piqpL,Lq “ 0, a contradiction.
Lemma 7.7. HF ˚pL,∆jq – H˚pS1q.
Proof. The two Lagrangians intersect over the point x :“ σ X γi, and in the fibre pi´1pxq, their
intersection is a circle S1 – T˜ X Lj . There can be no holomorphic disc in the fibre as both Lj
and T˜ are exact, and there can be no holomorphic disc living over the open sector defined by
σ and σ. It follows that the Floer differential must be zero, and HF˚pT˜ , Ljq – H˚pS1q. By the
discussion in Section 6.5, it follows HF ˚pL,∆jq – H˚pS1q ‰ 0. 
Lemma 7.8. The Lagrangian L defines a trivial object in LGpE, piq.
Proof. We prove HomLGpE,piqpL,Lq “ 0. To do this, we perturb the arc σ to σε, ε ą 0 through
an admissible bending, and consider Lε :“ χεpLq. The paths σ and σε intersect in two points.
Then L and Lε intersect in the fibres over two points of the base, and the intersection is the
circle arising as zero section of T˜j “ ν˚S1{Lj , the Hopf circle lying over the intersection point
T XKj .
Following the proof of Lemma 6.20, CF˚pL,Lq is generated by CF ˚pT˜ , T˜ q over each intersection
point and
CF˚pLε,Lq – CF˚pT˜ , T˜ q ‘ CF˚`1pφ´1pT˜ q, T˜ q.
Then, an analogous discussion as in the proof of Lemma 6.20 applies to show that the differential
B : CF˚pL,Lq Ñ CF˚pL,Lq is an isomorphism in this case too, so that L defines a trivial object
of LGpE, piq. 
The conclusion of the proof of Theorem 7.5 is drawn by the contradiction between Lemma 7.7
and Lemma 7.8. 
8. Epilogue: exotic Projective twists
As a last application of the Hopf correspondence, we examine exotic projective spaces. We prove
two non-embedding results for Lagrangian exotic projective spaces (Theorems 8.9 and 8.11),
and the existence of exotic projective twists (Corollaries 8.18 and 8.19). Embedding theorems
(Section 8.2) are obtained using homotopy theory results combined with the current state of
the art of the nearby Lagrangian conjecture (Section 8.1), and the Hopf correspondence. For
exotic projective twists, we use a pairing constructed by Bredon, and the diagrams of Section 3
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to relate a choice of framing of the local projective twist with a framing of its associated Dehn
twist. Using the current literature about exotic Dehn twist ([DRE15]), we then obtain instances
in which the local projective twist does depend on a choice of framing. With the additional use
of topological modular forms, we explain why there should be infinitely many such examples.
8.1. Background. The nearby Lagrangian conjecture states that given a closed smooth man-
ifold Q, any closed exact Lagrangian submanifold of pT ˚Q, dλQ is Hamiltonian isotopic to the
zero section. If this conjecture is validated, the existence of another closed exact Lagrangian
embedding L ãÑ T ˚Q would yield a diffeomorphism, L – Q. By the Weinstein neighbourhood
theorem, the latter version of the statement can also be read as: if pT ˚L, dλLq is symplecto-
morphic to pT ˚Q, dλQq, then L is diffeomorphic to Q.
The conjecture has been verified for some specific examples (T ˚S2, T ˚RP2 by Hind [Hin12], T ˚T 2
by Dimitroglu-Rizell, Goodman, Ivrii [RGI16]), and weaker versions of it have been proved.
Currently, the most general feature one can deduce from an exact Lagrangian embedding is
(simple) homotopy equivalence:
Theorem 8.1 ([Abo12b], [Kra13], [AK18]). If L Ă T ˚Q is a closed exact Lagrangian embedding,
then the projection L Ă T ˚Q pÝÑ Q is a (simple) homotopy equivalence.
Remark 8.2. Note that if L Ă T ˚Q pÝÑ Q is a Lagrangian as in the above statement, then
TLbC – p˚pTQbCq. The Pontryagin classes pi P H4kp¨q satisfy 2pipLq “ 2pipQq. Moreover,
the (rational) Pontryagin classes pi are homeomorphism invariants ([Nov65]).
The set of h-cobordism classes of homotopy n-spheres Θn, equipped with the connected sum
operation, has an abelian group structure (where the standard sphere plays the role of neutral
element), and fits in an exact sequence of the form ([KM63])
0 ÝÑ bPn`1 ÝÑ Θn ÝÑ cokerpJnq ÝÑ p‹q.(43)
Here bPn`1 Ă Θn denotes the subgroup of homotopy n-spheres bounding an pn`1q´dimensional
parallelisable manifold, and Jn : pinpOq Ñ pinpSq is a map from the n-th stable homotopy
group pinpOq “ lim
mÑ8pinpSOpmqq to the n-th stable homotopy group of spheres pinpSq :“
lim
mÑ8pin`mpS
mq (see e.g [Lev85, Section 3]). This group is also called the n-th stable stem.
In the symplectic setting, homotopy spheres are good candidates to test the nearby Lagrangian
conjecture, as the following result(s) indicate.
Theorem 8.3 ([Abo12a], extended by [EKS16]). Let n ą 4 odd. If Σ,Σ1 P Θn and T ˚Σ is
symplectomorphic to T ˚Σ1, then rΣs “ ˘rΣ1s P Θn{bPn`1.
We rephrase the above in the following corollary.
Corollary 8.4. If n ą 4 is odd and Σ P ΘnzbPn`1, then Σ does not admit a Lagrangian
embedding into T ˚Sn.
The background related to exotic twists is based on [DRE15], in which Dimitroglu-Rizell and
Evans proved that the Hamiltonian isotopy class of a Dehn twist does in general depend on a
choice of framing.
Let pM,ωq be a symplectic manifold. Given a framing of a Lagrangian sphere L Ă M , i.e a
diffeomorphism Sn ÝÑ L (see Section 2.2), the precomopostion with an element of DiffpSnq
yields another framing. Consider the symplectomorphism f˚ : T ˚Sn Ñ T ˚Sn induced by the
lift of f to the cotangent bundle T ˚Sn. The standard model twist τ locSn P SympctpT ˚Snq can be
replaced by f˚ ˝ τ locSn ˝ pf´1q˚, which can be implanted in a Weinstein neighbourhood as in Defi-
nition 2.11 to yield a new element in SympctpMq. To study framings of twists, we can therefore
restrict to “reparametrisations” of the standard model twist τSn :“ τ locSn P SympctpT ˚Snq.
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Given f P DiffpSnq, there is an pn ` 1q-dimensional exotic sphere Sf obtained by gluing two
pn` 1q-discs along their boundary Sn twisted by f , Sf :“ Dn`1 Yf Dn`1. The construction is
well-defined and any exotic sphere can be obtained in this way ([KM63], see [Lev85, Proposition
2]), so that Θn`1 – pi0pDiff`pSnqq. Note that pi0pDiff`pSnqq – pi0pDiff c`tpDnqq induced by a
map Diff c`tpDnq Ñ Diff`pSnq obtained by extending by the identity (over a capping disc).
Theorem 8.5. [DRE15, Theorem A] Let f P Diff`pSnq be such that the sphere Sf does not
admit a Lagrangian embedding into T ˚Sn`1. Then τ´1Sn ˝ pf˚ ˝ τSn ˝ pf´1q˚q is not trivial in
pi0pSympctpT ˚Snqq.
8.2. Lagrangian non-embeddings of projective spaces. We call a fake projective space
a manifold that is homotopy equivalent (but not homeomorphic) to a projective space, and an
exotic projective space a manifold which is homeomorphic (but not diffeomorphic) to CPn.
For even integers n ě 4, there are infinitely many fake projective spaces, distinguished by the
value p1 P H4pCPn;Zq. Given the standard projective space and an exotic sphere Σ P Θ2n,
one can obtain another projective space by performing a connected sum CPn#Σ (which is a
0-dimensional surgery). The smooth structure on the resulting manifold is however not a priori
exotic, and CPn#Σ could be diffeomorphic to the standard projective space.
Definition 8.6. [Kaw69] The interia group IpMq of an oriented closed smooth manifold M is
the subgroup of Θn consisting of homotopy spheres S P Θn such that the connected sum M#S
is in the same diffeomorphism class as M .
For n ě 8, there are examples for which the inertia group IpCPnq is non-trivial (see [Kaw69]).
For CP4 we have the following result.
Theorem 8.7. [Kas16] Let Σ8 P Θ8 be the unique exotic 8-sphere. There are two possible
distinct smooth structures on a manifold homeomorphic to CP4: the standard CP4-structure,
and the one on CP4#Σ8.
We would like to relate the exotic/fake structures on n-dimensional projective spaces to exotic
structures on p2n`1q-dimensional spheres, but there is no systematic way of doing that. Starting
with an exotic/fake projective space P , the unit bundle of the line bundle L Ñ P satisfying
c1pLq “ αP (where αP P H2pP ;Zq is the cohomology generator) could be a standard sphere–
with an exotic circle action. Note that in the special case where the projective space has the
form P “ CPn#Σ2n, for a given Σ2n P Θ2n, then the sphere obtained as the unit bundle of
LÑ P is given by stabpΣ2nq P Θ2n`1, constructed in Section 8.3 (see Remark 8.14 (2)).
On the other hand, one could try to take an S1-quotient of an exotic sphere. This is also a
priori not always possible, as an exotic sphere does not necessarily admit a smooth free circle
action. But if it does, then the quotient resulting from it is homotopy equivalent to a projective
space. Namely, circle bundles over a manifold X are classified by elements of H2pX;Zq, and if
X was the standard projective space, then the total space of the line bundle would have to be
a standard sphere.
Theorem 8.8. [Jam80, Section 3] There is an exotic homotopy 9-sphere rS such that
(i) rS R bP10 – Z{2Z.
(ii) rS admits a free action of S1.
(iii) The quotient P :“ rS{S1 is not homeomorphic to CP4.
(iv) The first Pontryagin classes coincide; p1pP q “ p1pCP4q.
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Theorem 8.9. There is a manifold P homotopy equivalent to CP4 and with the same first
Pontryagin class such that neither P nor P#Σ8 admit an exact Lagrangian embedding into
T ˚CP4.
Proof. Consider the exotic 9-sphere rS admitting a free S1-action, whose existence is granted
by Theorem 8.8. The quotient P “ rS{S1 is necessarily homotopy equivalent to CP4, but by
Theorem 8.8 (iii), it is not homeomorphic to it. Assume there is a Lagrangian embedding
P ãÑ T ˚CP4. The Hopf correspondence (see Section 3.1) induced by q : T ˚S9 Ñ T ˚CP4 lifts P
to rS, as Lagrangian embedding rS ãÑ T ˚S9and by Theorem 8.8, rS R bP10. By Theorem 8.3, rS
would have to be a homotopy sphere in the same class as the standard S9, hence bounding a
parallelisable 10-manifold, and this is not possible by Theorem 8.8, piq.
The same argument applies to prove that P#Σ8 does not embed as Lagrangian into T ˚CP4, as
the Hopf correspondence would lift P#Σ8 to rS ([Jam80, Section 3]). 
Remark 8.10. Our techniques do not allow to prove whether the exotic CP4#Σ8 of Theorem
8.7 does (not) admit a Lagrangian embedding into T ˚CP4, which remains an open question.
Theorem 8.11. Let Σ14 P Θ14 be the unique exotic 14-sphere. Then CP7#Σ14 does not admit
an exact Lagrangian embedding into T ˚CP7.
Proof. First note that Θ14 – Z{2Z and bP15 “ 0 ([KM63]), so there is a unique exotic 14-
sphere, denoted by Σ14 as in the statement. By [Bre67, Theorem 4.6] there is an exotic sphere
Σ15 P Θ15zbP16 admitting a free S1-action, with quotient P :“ CP7#Σ14. If P admitted a
Lagrangian embedding in T ˚CP7, the Hopf correspondence would yield a Lagrangian embedding
Σ15 ãÑ T ˚S7. But Σ15 R bP16, and this contradicts Theorem 8.3 (for the same reasons as the
proof of Theorem 8.9). 
8.3. Exotic projective twists. In this section we establish a relation between exotic Dehn
twists and exotic projective twists in order to use Theorem 8.5 to study the framing of projective
twists.
We obtain a criterion for lifting a framing on a projective twist to a framing on a Dehn twist by
first studying the action of the first stable stem pi1pSq on the group of homotopy spheres Θn.
Remark 8.12. There is a slight abuse of terminology in this section. A framing will be em-
ployed (as in the rest of the paper) in the non-standard sense a` la Seidel to signify a smooth
parametrisation of a sphere. The classical topological notion of framing (as a trivialisation of
the normal bundle) does appear in this section, and in order to avoid clashing nomenclature,
we call the latter a normal framing.
We construct a map
stab : Θ2n ÝÑ Θ2n`1(44)
as follows. Let Σ P Θ2n. Consider the Hopf action on S2n`1 and remove a normally framed
Hopf circle, identified with S1ˆD2n. From the given exotic sphere, remove a small disc B Ă Σ,
and form an p2n` 1q-sphere S :“ pS1 ˆD2nq YS1ˆS2n´1 S1 ˆ pΣzBq as
stabpΣq “ S2n`1zS.(45)
Lemma 8.13. For n odd, the map stab is a version of Bredon’s pairing [Bre67, (2)]
Θn b pi1pSq ÝÑ Θn`1(46)
with the element ηn, where η P pi1pSq is the non-trivial element in the stable stem pi1pSq :“
pi4pS3q – Z{2Z.
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Proof. Consider the free S1-action on S2n`1 (the “Hopf action”). Then an S1-orbit equipped
with a framing represents an element γ P pi2n`1pS2nq – pi4pS3q – Z{2Z (via the Thom-
Pontryagin construction, see [Mil65, 87]). Given an exotic sphere Σ P Θ2n, the pairing
Θn b pi1pSq ÝÑ Θn`1 constructed in [Bre67] applied to the pair pΣ, γq yields the construc-
tion stabpΣq described above (see [Bre67, Section 4]). It is left to determine the class γ P pi4pS3q
associated to a normally framed Hopf orbit S1 Ă S2n`1. This involves understanding the nor-
mal bundle to such a Hopf circle, which Bredon identifies with n copies of the normal bundle
to a Hopf circle S1 Ă S3 ([Bre67, Section 4]). From this data, one obtains
γ “ ηn “
"
η n odd
0 n even
(47)
where η is the non-trivial generator of the stable stem pi1pSq, which represents a normally framed
Hopf circle in S3. As pi1pSq – Z{2Z, the map stab is therefore multiplication by η if n is odd
or the zero map when n is even. 
Remark 8.14. For even dimensional exotic spheres Σ P Θ2n, the image stabpΣq can also be
described as follows. Consider the surgery CPn#Σ and the principal S1-bundle L Ñ CPn#Σ
associated to the generator of H2pCPn#Σ;Zq. Then, stabpΣq is the homotopy sphere obtained as
the unit circle bundle of L. Namely, a disc-neighbourhood D of a point in CPn lifts to a tubular
neighbourhood of a Hopf circle in L, which we can trivialise over D as S1 ˆD2n. On the other
hand, the restriction of L over the contractible piece ΣzB can be trivialised as S1ˆΣzB. So one
sees that the p2n` 1q-sphere lying over CPn#Σ is S2n`1zpS1 ˆD2nq YS1ˆS2n´1 S1 ˆ pΣzBq “
stabpΣq P Θ2n`1, where the gluing locus S1ˆS2n´1 is twisted by idˆf , where f P Diff`pS2n´1q
is the diffeomorphism associated to Σ.
Lemma 8.15. Let n be an odd integer and f P Diff`pCPnq an orientation preserving diffeo-
morphism. There exists a diffeomorphism F P Diff`pS2n`1q satisfying h ˝ F “ f ˝ h, i.e F is
the lift of f by the Hopf bundle map.
Proof. Let h : S2n`1 Ñ CPn the Hopf bundle map. A diffeomorphism f : CPn Ñ CPn always
admits a lift to a continuous function on the total space F : S2n`1 Ñ S2n`1. Namely, the only
possible obstructions would have to lie in the groups H i`1pS2n`1, piipS1qq, which are trivial for
any choice of i.
We now show f lifts to a diffeomorphism. To do that, first note that the map induced on the
second cohomology f : H2pCPnq Ñ H2pCPnq is the identity, since f is orientation-preserving.
The fact that f : H2pCPnq Ñ H2pCPnq is the identity implies that f lifts to a fibrewise linear
map F : LÑ L to the total space of the line bundle L satisfying c1pLq “ α P H2pCPn;Zq, that
fits in a commuting diagram
h ˝ F “ f ˝ h.(48)
If F had non-trivial kernel, the commutativity (48) would require it to be contained in the fibres
of h, but every such map would be forced to be the zero map, which is impossible. So F is a
diffeomorphism. 
Proposition 8.16. If the map stab : Θ2n`1 Ñ Θ2n`2 is non-trivial and n “ 2k`1 is odd, then
the CPn-twist depends on a choice of framing.
Proof. Choose a framing f P Diff`pCPnq, coming from an element of Diff c`tpD2nq extended by
the identity on the projective space. Let Σ P Θ2n`1 be the exotic sphere associated to f . Let
F P Diff`pS2n`1q be the S1-equivariant lift of f as in Lemma 8.15, supported in a tubular
neighbourhood of a Hopf circle T – S1 ˆ D2n. The last identification requires a choice of
trivialisation of the normal bundle to a Hopf circle, so F corresponds to stabpΣq P Θ2n`2, where
the class η P pi1pSq encodes the normal framing. As n is odd, ηn ” η, stabpΣq is non-trivial.
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The maps f˚, F ˚ induced by f and F on the respective cotangent bundles are not compactly
supported, but they can be used to define compactly supported conjugations
τF :“ F ˚ ˝ τS2n`1 ˝ pF´1q˚ : T ˚S2n`1 Ñ T ˚S2n`1(49)
τf :“ f˚ ˝ τCPn ˝ pf´1q˚ : T ˚CPn Ñ T ˚CPn(50)
of the the Dehn twist τS2n`1 P SympctpT ˚S2n`1q and the projective twist τCPn P SympctpT ˚CPnq
respectively.
Consider the map q : T ˚S2n`1 Ñ T ˚CPn obtained from Lemma 3.1. Then there is commutative
a diagram
T ˚S2n`1 τF //
q

T ˚S2n`1
q

T ˚CPn
τf
// T ˚CPn
.(51)
As 2n`2 is even, no non-standard exotic p2n`2q-dimensional sphere can bound a parallelisable
manifold (because bPm “ 0 for all odd integers, in particular m “ 2n ` 3, see [KM63]), so
F P Θ2n`2zbP2n`3. Therefore, Corollary 8.4 and Theorem 8.5 imply that if F is not the
trivial element of Θ2n`2, then the Dehn twist framed by F , τF P SympctpT ˚S2n`1q is not
isotopic to to the standard twist τS2n`1 . If we assume τf P SympctpT ˚CPnq is isotopic to the
standard projective twist τCPn , the isotopy can be lifted to a (compactly supported) isotopy
τF » τS2n`1 P SympctpT ˚S2n`1q, a contradiction. Therefore the twist τf cannot be isotopic to
a standard projective twist. 
Lemma 8.17. The map Θm Ñ Θm`1{bPm`2 is non-trivial for m “ 39, 47, 51, 59
Proof. There is a commuting diagram (see [Bre67, Corollary 2.2]) obtained from the exact
sequence (43),
Θm
stab //
ψ

Θm`1
ψ

cokerpJmq p´q¨η // cokerpJm`1q
.(52)
where p´q ¨ η : cokerpJmq Ñ cokerpJm`1q is a map descending from the multiplication with the
class η P pi1pSq – Z{2Z
pi1pSq ˆ pimpSq Ñ pim`1pSq,
which is well defined because for k ` 1 ă n, the image of the J-homomorphism is preserved
under multiplication with elements of the stable stems, namely ImpJnq ¨ ImpJkq Ď ImpJn`kq.
According to Proposition 8.16, we have to work with m “ 4k ` 3, and m ` 1 “ 4pk ` 1q; in
both cases the map ψ is surjective (see [Lev85, Theorem 5.4], ψ is always surjective in odd
dimensions, and when m ” 0 mod 4).
It follows that cokerpJm`1q “ cokerpJ4k`4q – Θ4k`4{bP4k`5, and asking for the composition
ψ ˝ stab : : Θ4k`3 Ñ Θ4k`4{bP4k`5 to be non-trivial is equivalent to requiring the multipli-
cation p´q ¨ η : cokerpJ4k`3q Ñ cokerpJ4k`4q to be non-trivial. This amounts to looking for
elements in the stable stems whose η-multiples are not in the image of J . As η is of order two,
this information can be found in the“two-primary part” of the stable stems, the subgroups ob-
tained after quotienting all elements of odd order. These are tabulated in a diagram in [Hat01,
p.385], from which we can detect the elements of interest. The latter appear to be in degrees
39, 47, 51, 59. 
Corollary 8.18. The CPn-twist depends on the framing when n “ 18, 22, 24, 33.
42

Remark 8.19. There CPn-twist depends on the choice of framing for infinitely many dimen-
sions n.
Proof. One way to get infinite families of nontrivial multiples of η which are not contained in
the image of J is by detecting them in topological modular forms, denoted tmf (we refer to
[Hen14] for a survey on the subject). There is a “Hurewicz homomorphism” pi˚pSq Ñ pi˚ptmfq
between the ring of stable homotopy groups of spheres and the homotopy ring of tmf , and the
two primary components of the ring of homotopy groups have a certain kind of periodicity of
degree 192. Therefore, if we can identify an element in one of the homotopy groups pi4k`3ptmfq
that is also in the image of the Hurewicz homomorphism and arises as a product of η, we obtain
a periodic family of elements to which the argument of Lemma 8.17 applies.
A (partially conjectural) diagram depicting the two-primary components can be found in [Hen14]
and it is helpful to first identify a potential candidate. Degree 39 “ 4 ¨ 9 ` 3 presents an
element which has been confirmed to be the image of a non-trivial multiple of η (see [HM14,
Corollary 11.2 ], there the element in question is called u and arises as image of a product of
κ, ν, η and κ; all of these are standard names of generators of stable homotopy groups stems).
It follows that in every dimension m “ 39 mod 192 there is an element for which the map
p´q ¨ η : cokerpJmq Ñ cokerpJm`1q and hence stab : Θm Ñ Θm`1 are not trivial, which, by
Proposition 8.16, implies the projective twist depends on the framing. Further scrutiny of the
literature would provide other such elements–e.g in degree 59. 
Remark 8.20. It is very likely that a version of Corollary 8.19 holds for HPn-twists as well.
Bredon computes the class that would be associated to a framing of S3 Ă S4n`3, ηn´1, where
η P pi3 “ lim
m
pim`3pSmq – pi8pS5q – Z24. Non-triviality results for the map stab in this case
would not only be dependent on the parity of n, so a non-vanishing criterion would be harder
to obtain. But such a criterion could then be combined with existence of smooth free actions
of S3 on certain homotopy spheres, as in [Bre67, Theorem 4.4, 4.7]. Then, the above strategy
could be applied to obtain infinitely many dimensions in which the HPn-twist would depend on
the framing.
Corollary 8.21. In the above dimensions, the existence of exotic projective twists implies that
SympctpT ˚CPnq fi Z.
Proof. If τCPn P pi0pSympctpT ˚CPnqq is the standardly framed twist along the zero section, then
ZxτCPny Ĺ pi0pSympctpT ˚CPnqq by Corollary 8.18. Let f P Diff c`tpCPnq be a framing such that
the projective twist τf P SympctpT ˚CPnq defined using f is an exotic twist. Then, τ´1f ˝ τCPn
cannot be isotopic to any power τkCPn , for any k P Z. This is because τCPn , viewed as a graded
symplectomorphism, acts non-trivially on the grading of the zero section, viewed as a graded
Lagrangian (see [Sei00, Lemma 5.7]), while τ´1f ˝ τCPn acts trivially on the grading (see also
[DRE15, Remark 1.5]). 
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